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Part 1. Topological and smooth manifolds
1. TOPOLOGICAL MANIFOLDS: DEFINITION AND EXAMPLES (WED 9/4)

1.1. The definition. We want to study a class of topological spaces that retains certain
essential features of R™. Our first attempt is the following.

Definition 1.1. Let n € N. A topological space M is called a topological manifold of
dimension n if it is:

1. Hausdorff: given any p # ¢ € M, there exist open neighborhoods U > p and V' 3 ¢
such that UnV = @.

2. Second-countable: M has a countable basis. (A basis B is a collection of open sets
such that any open set is a union of elements of B.)

3. Ipcally Euclidean: For each p € M, there exists a neighborhood U > p, an open set
U c R”, and a homeomorphism
0:USU.
With this definition comes the following terminology.
e  is called a coordinate chart.

e If p(p) =0, we say that the chart is centered at p.

o If U = B,(0) for some r > 0 and ¢(p) = 0, the chart is called a coordinate ball centered
at p.

o If we write
0(q) = (2" (q),-..,2"(q)),

for g € U, the functions x,..., 2™ are called local coordinates.

1.2. Examples. We will spend the rest of class today giving examples of manifolds.

Example 1.2. Nature is full of manifolds. For instance, the surface of the Earth is a
manifold which people assumed to be R? for most of human history. In fact it turned out
to be only locally Euclidean, but globally to have the shape of the 2-sphere. We still do not
know the shape of the universe (seen as a manifold of dimension at least four).
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For the rest of the semester we will limit ourselves to examples of a purely mathematical
nature.

Example 1.3. Let {2 c R" be any open set, with the subspace topology. It is Hausdorff and
second-countable because R" is. It is also locally Euclidean, with a single coordinate chart:
U=U=Q,p=1d.
Example 1.4. Let V ¢ R” be an open set and f:V — R a continuous function. Consider
the graph

L(f)={(z,y) eR" xR* | y = f(x)},
with the subspace topology. This is again Hausdorff and second-countable. To make a
coordinate chart, let U =T'(f), U =V cR”, and consider the restriction of the projection to
the first factor:

(1.1)

This has an inverse function given by

<,0=7r1:F(f)—>V
(2,y) > .

x> (x, (),

which is continuous since it is the product of two continuous functions. Therefore ¢ is a
homeomorphism, as required.

Example 1.5. Let

Sn — {LIZ' € Rn+1 | (1'1)2 T+t (mn+1)2 — 1}’
with the subspace topology. This is called the n-sphere, and we will see that it is a manifold
of dimension n. As above it is Hausdorff and 2nd-countable since it is a subspace of R™+!.

We will now describe coordinate charts that cover S™.
Fixie{l,...,n+1}, and let

Uf ={xeS™|z'>0}
U7 ={xeS"|2"<0}.
Also let U; = B;(0) c R". Define the coordinate charts
p; =m;: Ui > Bi(0)
(b, .. 2" ) e (2, 2t ).
(The notation ¢ means that we actually skip the i’th entry on the list. Another way to

write it would be: (z!,... &% ... antl) = (2!, ... =t a0 et

To see that (7 is a homeomorphism, it suffices to write down the following inverse function.

(u',.. o u™) = (ut e 1 Z(ui)2,u”1,...,u").
7

It is easy to check that this is indeed an inverse function of ¢¥.

We can use the collection of 2(n + 1) charts {UZ} (this is called an atlas, as we’ll discuss
next week) to show that S™ is locally Euclidean, as follows. Given a point x € S™, we must
have z? # 0 for some 4. If 2¢ > 0 then x € U}, whereas if 2¢ < 0 then x € U7. Hence z is
contained in a coordinate chart. Since x € S™ was arbitrary, this shows that S™ is locally
Euclidean.
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Example 1.6. Generalizing the previous example, we will prove later that the inverse image
of any regular value of a C! function from R” to R™, n > m, is a manifold of dimension
n—m. This is the content of the implicit function theorem, which is the source of many very
interesting examples of manifolds.

Example 1.7. The Cartesian product of two manifolds, M x N, is again a manifold. The
coordinate charts are given by products of the charts on M and N :

UxVEZS R xR™
Example 1.8. The 2-torus is defined to be the Cartesian product
T? = St x S,

This manifold has many equivalent representations. You can draw it as a “doughnut” in
Euclidean space. You can also define it as the unit square with boundary points identified
as follows:

2

[07 1] /(27,0) ~ (I, 1)7 (Ovy) ~ (17y)7
with the quotient topology. It is a simple exercise to write down a homeomorphism between
this space and T? = S x S1. Finally, since S' = R/Z, where n € Z acts by x — x + n, we have

T2 = (R/Z) x (R/Z) = R*/Z?,

where (m,n) € Z? acts by

(z,y) = (x+m,y+n).
The map R? - R?/Z is the best example of a covering map, which is a concept that I hope
you have seen before. If you are familiar with covering maps, you should have no trouble

proving the following fact: if M — N is a covering map and M is a topological manifold,
then N is also a topological manifold.
Example 1.9. Define the Mobius strip:

M=10.11x(-5.5) [ )~ -,
with the quotient topology based on this equivalence relation. It is an exercise in the quotient
topology (on your first homework) to show that M is a topological manifold. Note that as
with the torus, we have the equivalent description

M;Rx(_%,l) | z.

where n € Z acts by (x,y) = (z +n, (-1)"y).
Example 1.10. It is possible to close up the Mobius strip to obtain the Klein bottle:

L LR ) G D) ()

This a compact manifold that can be thought of as a “twisted” version of the 2-torus. It
has the interesting property that it cannot be embedded in R? without crossing itself. This
requires a fair bit of algebraic topology to prove.
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Example 1.11. As a set, the real projective space of dimension n is defined to be
RP" = {1-dimensional subspaces of R™*'}.

We must also specify the topology on RP”. Letting
7:R™ < {0} - RP"
x> [x]={cx|zeR}

be the canonical projection, we endow RP" with the quotient topology induced by 7.
We now describe a collection of coordinate charts covering RP™. Given i € {1,...,n + 1},
let

Vi={z e R"™! | 2"+ 0} c R™..

These are “saturated” open sets for the map =, i.e., if z € V; then the whole fiber 7=1([x]) c V.
By definition of the quotient topology,

L@iz’ﬁ(‘g)
is open in RP™. To make U; into a coordinate chart, we let

SOiiUi*Rn:Ui

1 o} n+1
o] = [a'o o] > (S S
r|l=|x,...,T S )

It is easy to check that p; ([cx]) = ¢ ([z]), so ¢; is well-defined. Since ;o7 : V; - R is
continuous, by the universal property of the quotient topology, the map ¢; is also continuous.
To check that ¢; is a homeomorphism, we need only write down the inverse map:

(1.2) (ul, . ,u”) > [ul,...,ui’l, 1,ui,...,u”],

which one easily checks is an inverse of ;. Therefore ; is a coordinate chart, for each 1.
(Notice that the codomain U; of each chart is equal to R™ itself! This is convenient.) Since
u;U; = RP", we have shown that RP" is locally Euclidean.

To recap, we can write these charts in the following way:

U, = {[ul,...,ui’l,l,ui,...,u”] | (ut,...,u™) e R"}.

This expression makes it almost obvious that these are coordinate charts covering RIP™.

On your first homework you are asked to show that in addition to being locally Euclidean,
RP” is Hausdorff, second-countable, and compact; it is therefore a compact topological man-
ifold. You can either show this directly using the coordinate charts that we just constructed,
or you can make use of the following fact:

Proposition 1.12. RP"~ 57/ + 1.

Proof. We will write down continuous maps between these two spaces which are inverses. In
one direction, we can restrict the canonical projection to S™ c R\ {0} :

|gn : S™ - RP™.
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Since this is the restriction of a continuous map to a subspace, it is again continuous. It
is also surjective, since every 1-dimensional subspace of R™*! contains unit vectors. In fact,
given x € R™! \ {0}, we clearly have

[2]nS" = {i%}

By the universal property of the quotient topology on S™/ 1, the map 7|s,. descends to a
continuous map S"/ +1 - RP":

Sn , Rn+1 N {O}

[~

Snf+l—-——->RP"

T

On the other hand, the map = — Tl also descends to give a continuous map RP? - S7/ + 1:

Lz
[]

Sn<—Rn+1 \{0} )
Snf/+1+ — - — RPn,

These maps are easily seen to be inverses. 0

2. PROPERTIES OF TOPOLOGICAL MANIFOLDS (FRI 9/6 - MoON 9/9)

Let M be a topological manifold. Today we will discuss: what does being a manifold imply
about M, as a topological space? We will see that manifolds behave in a more intuitive way
than general topological spaces.

2.1. Basis of precompact coordinate balls. The properties we will describe all follow
from the proposition below. The key point is the following.

Definition/Lemma 2.1. Let (U, ) be a coordinate chart in M and V c U an open subset.
Suppose that the closure of (V') in R™ is compact and contained in U. Then the closure of
V in M is also compact and contained in U. In this case we write V e U and say that V 1is
compactly contained in U.

Proof. Let
V= (9(7V)),
where ¢(V) is the closure in R”. By assumption, ¢(V') ¢ U is compact, and since ! is

continuous, V' is also compact. But M is Hausdorff, so compact implies closed (exercise!).
Therefore V' is also closed in M. Letting V' be the closure of V' in M, we have

ch/cVﬁUcv,

so V =V, which is compact and contained in U, as desired. O
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Proposition 2.2. M has a countable basis consisting of precompact coordinate balls. (A set
is called precompact if its closure is compact.)

Proof. Since M is second-countable, we can cover M with countably many coordinate charts
{(Ui, i)}, Since U; = U, ¢ R", we can choose a countable basis for the topology of U;
consisting of coordinate balls V; ; such that ¢;(V; ;) € Ul By the previous Lemma, we also
have V; ; € U;.

We can now take {Vi,j};’;:l as our countable precompact basis. O

2.2. Connected components. Next, recall that there are two notions of connectivity for
a topological space. A space X is connected if there do not exist nonempty subsets A and
B such that AuB =X but AnB =AnB =@. A space X is path-connected if for any
p,q € X there exists a continuous path 7 :[0,1] -» X such that v(0) = p and (1) =g.

In general, path-connected implies connected: since the unit interval is connected, its
image is also connected, so cannot be separated by sets A and B as in the definition of
connectedness. However, the converse is not true in general.

When a space is not connected, one can still divide it up into connected components:
Xo c X is a connected component if it is a maximal connected subset. One can check that
given any point x € X and any two connected subsets containing x, their union is again
connected; so every point is contained in a unique connected component. In particular, we
can partition any topological space X into a disjoint union of connected components:

X =| | X..

One can also partition a space X into path components, which are maximal path-
connected subsets. This is easier, because being connected by a path is clearly an equivalence
relation so gives a partition of the space.

Proposition 2.3. The path components of M are the same as the connected components. In
particular, any manifold is a countable disjoint union of closed/open, path-connected subsets.

Proof. Tt suffices to show that the path components of M are all open, for then these give a
partition into closed/open sets which must agree with the connected components.

Let My be a path component of M and x € My. There exists a coordinate ball B 5 z. Since
B is path-connected, we have x ~ y for all y € B, therefore B c M,. This shows that M is
open.

Since the components are open and M is second-countable, there can only be countably
many of them. O

For this reason, it usually causes no loss of generality to work with connected manifolds—
this is sometimes included in the definition, for convenience.
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2.3. Paracompactness.

Proposition 2.4. M s locally compact, i.e., every point is contained in a neighborhood that
18 contained in a compact subset.

Proof. By Proposition 2.2, each point is in fact contained in a precompact open set. U

Next, we will make a definition that you may not have seen before, although it is very
important.

Given two open covers U and V of a topological space X, we say that V is a refinement
of U if each V €V is contained in some U € Y. Intuitively, the open sets of V are “smaller”
than that of U.

An open cover U is called locally finite if for all = € X, there exists a neighborhood W > z
such that W nU # @ for only finitely many U e U.

Definition 2.5. A space X is called paracompact if every open cover admits a locally
finite refinement. (Note: the refinement need not be a subcover of the original open cover.)

Theorem 2.6. A topological manifold M is paracompact.
The proof will be based on:

Lemma 2.7. M admits an exhaustion by compact subsets

K1CK2CK3C-~-
such that U2, K; = M and K, c K¢,,.
Proof. Let Uy, Us,, ... be a countable cover by precompact open sets.
Take Kl = Ul.
By compactness, K; is covered by the open sets Uy, Us,...,U,, for some ny € N. Take

Ky =42 U;, which is a finite union of compact sets, hence compact. We also have
n
K§ = UiflUi c Kl,

as required.
Next, cover Ky by Uy, ..., U,,, with ng > ng, etc.
In this way, we can obtain the required exhaustion. [l

Proof of Theorem 2.6. Given an open cover U of M, we must construct a locally finite re-
finement. Let B be any basis, and fix an exhaustion K;, i = 1,2,... as guaranteed by the
lemma. Let

Ci=Kia N K,
which is a closed subset of a compact set, hence compact. Let

Wi = K;+2 N\ Kz?l’

which is open. We have C; c W;.

Now, for each x € C;, choose B, € B such that B, > x and B, c W; nU for some U € U.
Since C}; is compact, we can cover it by finitely many such neighborhoods, which we label
B, ;, for j in a finite range. Then {B;;}’™e* covers C; and refines U.

JImax

2,7 j=1
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We now take the collection of all B; ; as our refinement of /. To see that it is locally finite,
let x € M and choose k such that x € Wj,. Since B; jn W}, # @ only possibly for i -2 <k <i+2,
we have the required local finiteness property. ([l

One consequence of paracompactness is that M is metrizable. This abstract fact is not
particularly useful, however. Later we will study a specific type of metric on a manifold,
called a Riemannian metric, that is extremely useful.

Last, we mention another property of manifolds which is not essential for the class, but
good to know about:

Proposition 2.8. The fundamental group of a topological manifold is countable. The fun-
damental group of a compact topological manifold is finitely generated.

Proof. See Lee, Prop. 1.16 for the first statement. The finite generation statement can be
proven similarly. 0

3. SMOOTH MANIFOLDS: DEFINITION AND EXAMPLES (MON 9/9-Fr1 9/13)

3.1. The definition. As stated above, we want to work with a class of spaces that retain
the essential features of R™. We defined topological manifolds to be spaces with locally
Euclidean topology, plus some extra reasonableness conditions. On such a space, the notion
of a real-valued continuous function makes sense:

f:M->R

is continuous if it is continuous as a map between topological spaces.

However, we really want to work with spaces that retain the most essential feature of R”,
namely, calculus. Topological manifolds are actually inadequate for this purpose, as we now
explain.

To begin to do calculus, one needs a notion of differentiable function. This should be a
function which, when precomposed with a coordinate chart

fogo_lzﬁcR”—ﬂR,

is differentiable. However, on a topological manifold, this might be true in one chart but not
in another. For example, we have the following two charts on M =R =U =U.

pla)=2,  ¥(u)=u’.
Consider f(z) = z. Then (f o ¢~')(z) = z is differentiable, whereas (f o ¢~1)(u) = u'/? is
not. So the notion of a differentiable function on a topological manifold makes no sense in
general.
To avoid this problem, we need to introduce the following definition, which is key for the
course.

Definition 3.1. Let k € {0,1,...} u{oo}. A C* atlas for M is a collection {(U,,¥a)} of
charts, covering M, such that for each «, 3, the transition map

Yoo 05 03 (UanUs) = 0o (UsnUp) cR”
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is of class C*, i.e., is k times continuously differentiable.

Two C* atlases are said to be (C*) equivalent if their union is again a C* atlas.

A C* structure is an equivalence class of C* atlases on M.

A C* manifold is a Hausdorff, second-countable topological space M equipped with a C*
structure.

A (C* manifold is also called a smooth or differentiable manifold.

Exercise. Show that a topological manifold is the same thing as a C° manifold.

Definition 3.2. Let M be a smooth manifold and V' c¢ M an open set. A function f:V - R
is said to be smooth if for each z € V' there exists a coordinate chart (U, ¢) such that

fogo_lzap(VﬁU)C]Rn%R

is smooth.

Let M and N be smooth manifolds. A continuous map f: M — N is said to be smooth
if for each = € M there exist compatible coordinate charts (V, ) and (W,1)) containing z
and f(z), respectively, such that f(V) c W and

g[}ofogp_lzf/ew

is smooth.

A smooth map f is said to be a diffeomorphism if it has a smooth inverse.
Exercise. Check that the definitions of smooth function and smooth map make sense on a
smooth manifold.

3.2. Examples. We can go over all the previous examples of topological manifolds and see
that the charts we described are in fact smoothly compatible, i.e., define a smooth structure.
For this, it suffices to compute the transition maps and check that they are smooth.
Example 3.3. In the case of RP", to show that the charts {(U;, ;) }™! given above define
a smooth structure, one can compute the transition function for ¢ > 5 :

Ay« (S Ly

uj77 u-j’ u] P uj’u37u377u3

Since u? > 0 on ¢;(U; nUj;), this is smooth, as required.

Example 3.4 (Stereographic charts). Here is another way of defining the smooth structure
on S™, which goes back to Riemann.

Let N =(0,...,0,1) and S = (0,...,0,-1) be the North and South poles on S™, respec-
tively. Denote V* = SN {N} and V- = S*~ {S}. We can make V* into charts by taking the
linear projection onto the equatorial plane R™ x {0} c R?*1. A similar triangles calculation
gives

Xooz—t (X, Xx") X»—>y=—1

1- X+l Y ’ 1+ X+l

These are charts on V* with codomain R™. One can check that N, X, and x are collinear, as
are S, X, and y.

(XY Xm).
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To show that this is a chart, we need to derive a formula for the inverse function:

1

X=—
AT IR

(2:61, o 2xm | - 1).

This is left as a homework exercise. We also need to compute the transition map. This turns
out to be given just by inversion in the unit circle:

_ x
JIHy—W

Since x # 0 on V* n V-, the transition map is smooth. The stereographic charts therefore
define a smooth structure on S™, which you can check is equivalent to the one defined by
the hemisphere charts U (exercise).

Example 3.5. Here is an example of a different flavor.

Let V' be a finite-dimensional real vector space. We first topologize V using any norm;
since any two norms are equivalent up to constants, this topology is independent of the
norm.

We now define a canonical atlas on V' as follows. Given any choice of basis e = {ey,...,e,}
for V, we have a map

E.:R"->V
n .
(z',...,2") = > ale,.
i=1
Since e is a basis, this map has a linear inverse, which is continuous. We take
0e=E1:V >R

We claim that the collection of charts {(R",p.)}, where e runs over all possible bases, is a
smooth atlas. Let e, € be two bases, and write

€; = ZAJ’Léj
J
for an invertible matrix (A%;). For z = p;! (z1,...,2") e R" = U,, we have

io (0= a0 B, () = St
= le@é(ei)

NTLACH

i7j
= (Z xiAli, cey leAnz) eR" = Ué.
i i
This is a smooth map, so we indeed have a smooth structure.

Needless to say, the notion of a smooth function coincides with the standard one on R”
after identifying V' 2 R™ using any choice of basis.
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Example 3.6. Here is another key example. Notice that the space of m x n real matrices,
Matg ™", is identical with R™" so can be considered a Euclidean space. Define

GL(n,R) = {X e Matgp™ | X is invertible}.

We know of course that X is invertible iff det X # 0. Since det X is a polynomial in the
matrix coefficients, the subset {det X =0} is closed. Hence GL(n,R) is open in Maty™"; by
Example 1.3, it is a manifold (indeed a smooth one, defined by a single chart).

Meanwhile, since the product of two invertible matrices is invertible, GL(n,R) is also a
group. The group law (matrix multiplication) is given by a bilinear function of the matrix
coefficients, so is smooth. By Cramer’s formula, the inverse map X — X! is also smooth.
A smooth manifold with smooth group operations is called a Lie group, and these play a
special role in this subject.

3.3. Topological versus smooth manifolds. It has been (and still remains) a celebrated
problem to compare the category of topological manifolds with the category of smooth
manifolds. Here are some historical landmarks.

H. Whitney ’36: For k > 1, every C* structure is C* equivalent to a smooth structure.

E. Moise ’52: For n < 4, every topological manifold carries a unique smooth structure up
to diffeomorphism.

J. Milnor ’56: Exotic smooth structures exist. In particular, the topological manifold S7
carries smooth structures that are not diffeomorphic to the standard one.

M. Kervaire ’60: There exists a compact 10-dimensional topological manifold that carries
no smooth structure at all.

M. Freedman / S. Donaldson '82: R* carries exotic smooth structures.

4. MORE SMOOTH MANIFOLDS (Fr1 9/13-MonN 9/16)

4.1. Constructing a manifold from charts. In the previous examples we always started
with a given topological space and then cooked up an atlas of charts covering it. Of course,
the atlas is the most important thing, and it is possible to go the other way: start with
just a set, M, and a collection of maps satisfying certain conditions, and use this to define
a topology on M that makes it into a smooth manifold.

Lemma 4.1 (Smooth manifold chart lemma, Lee 1.35). Let M be a set and suppose we
have a collection of subsets U, covering M together with maps v, : U, = R™ satisfying the
following properties:

1. For each «, @4 is a bijection between U, and v, (Uy), which is an open subset of R™.
2. For each o and B, the sets po(Us nUp) and w3(Uy nUg) are open in R™.

3. Whenever U, nUpg # 0, the map
Pa © Qpél : ()Oﬁ(Ua N UB) g Spa(Ua N Uﬁ)
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18 smooth.
4. Countably many of the U, cover M.

5. Whenever p,q are distinct points in M, either there exists some U, containing both
p and q or there exist disjoint sets U, and Uz with p € U, and q € Ug.

Then M has a unique smooth manifold structure such that each (U, pa) is a chart.

Proof. As a basis for the topology on M, we take the collection of all inverse images ¢;'(V)
where V' is open in R™. To check that this is the basis for a topology, one needs to know that
the intersection of two such sets, ¢! (V) n 3" (W) is covered by basis elements. In fact, it
is itself a basis element. For, since ¢z o ¢ ! is smooth, it is continuous, and

-l "
Z = (80,3 © Spal) (W) cpa(Usn UB) cR
is open. It follows that
pal (V) s (W) =g (VnZ)

is also a basis element, as claimed. Therefore these open sets form the basis for a topology.

It is easy to see that ¢, is a homeomorphism with this definition, and is clearly a smooth
atlas. The Hausdorff property is clear from the last assumption: in the first case, we can
separate the points by balls contained in U,, while in the second case, U, and Ug are
the separating neighborhoods. Finally, the second-countability follows because each U, is
second-countable and by assumption we can take a countable subcollection that still covers
M.

The uniqueness is also clear since the basis we described will be a basis for any topology
in which the above requirements are satisfied. 0

Remark 4.2. One can go even further and define the set M by gluing the sets U, using
the equivalence relation coming from a given collection of transition maps, subject to the
appropriate conditions. Some people really think of a smooth manifold as “a bunch of
domains in Euclidean space glued together.” In my opinion it’s better to think of it as a
preexisting set endowed with additional structure.

4.2. CP" and Grassmannians. We will now use the above lemma to do two more examples.

Let K =R or C. These are topological fields on R and R2, respectively, so the vector space
K™ is identical to R” and R?", respectively, and the field operations are all given by smooth
maps. For instance, scalar multiplication gives a smooth map K x K™ — K™ which restricts
to a diffeomorphism {c} x K™ - K", for ¢ # 0. Addition by a fixed vector is also clearly a
diffeomorphism.

Example 4.3. By direct analogy with RP", let

CP" = {1-dimensional complex subspaces of C"*'}.
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Rather than proceeding via the quotient topology as in the case of RP*, we will use the pre-
vious Lemma to show that this is a smooth manifold of real dimension 2n. (These approaches
of course yield the same space.)

It is convenient to use charts of a slightly more general kind than above. Let (-,-) denote
the Hermitian inner product on C**! which is C-linear in the first factor and conjugate-linear
in the second factor. Given a unit vector w € C**1, let

U, = {LeCP" | (¢ w').

Clearly, if ¢ € U,, then (v,w) # 0 for all nonzero v € /.

Let U,, = w*. This is an n-dimensional complex subspace of C**1, therefore a 2n-dimensional
real subspace, which can be identified with R?" using any choice of basis. This will be the
codomain of our coordinate chart.

We let
v

ww ([v]) = - w,

(v, w)

which is a well-defined map. The inverse is given by
T [r+w].

So ¢y, is a bijection with C", which is of course open, so (1) is satisfied. Given w,w’ e C"*1,
for z € p, (U, N Uy, we have ! (x) € Uy, so (z +w,w’) #0. This is an open condition, so
(2) is satisfied. The transition map

r+w

is smooth, so (3) is satisfied.

Note that the charts U; are simply the charts U,, for the coordinate basis vectors e;. So
the finite collection {U,, }*! covers CP", and (4) is satisfied.

Finally, to check condition (5) of Lemma 4.1, we note that for any two lines ¢, ¢’ € CP", it
is easy to construct a nonzero vector w € (£+)“n (¢£+)°, so that £ and ¢’ both lie in the chart
Uy,. This guarantees (5).

Here is a famous example of a diffeomorphism.
Proposition 4.4. CP! = S2.
Proof. We can write down the following maps:
SQ \N > U2
(Jf7y,2) = [I+Zy7]- _Z]
and
Sz NI U1
(z,y,2) = [1+ 2,2 —1y] .

These are clearly smooth, and when composed with the coordinates on U; and Us, agree with
the stereographic projections up to a reflection; so it is clear that both are diffeomorphisms.
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For (z,y,z) € S? with z # £1, we have

2 2

[:L‘+iy,1—z]:[(x+iy)(1+z),1_z2]:[1+Z’:I: +y

=1+ -1y].

Therefore the two maps above coincide on S? \ {N, S}, giving a well-defined global diffeo-
morphism. 0

Remark 4.5. For n > 1, CP” is not a sphere. Intuitively, this is because
S = R (pt),

whereas

CP" =C"uCP"!,
so these are different ways of compactifying Euclidean space. Real projective space is another
compactification. The following example gives yet another.

Example 4.6. Generalizing the previous example, for K =R or C, we let
Gri(K"™) = {k-dimensional linear subspaces of K"}.

We shall describe a family of charts making this into a smooth manifold of dimension k(n—k)
in the real case and 2k(n - k) in the complex case.
Given any (n — k)-dimensional subspace Q c K™, let!

Ug={X eGr(K") | X nQ={0}}.
We can make Ug into a coordinate chart as follows. Fix any P € Ug and observe that
K" = P o Q. After changing basis, we may assume that P = K* x {0} and @ = {0} x k¥
are coordinate planes.

Now, because K™ = P ® @), any X € Ug is the graph of a linear map from P to (). In
particular, it is the span of a unique matrix n x k matrix of the form

(4.1)

where A is an (n - k) x k matrix. We take our chart to be
0o : X €Uy AeMat{? ™

Since X and A determine each-other uniquely, this is bijective, so (1) is satisfied.

Now let P’, Q" be another pair of complementary subspaces. Note that X € Ug nUj iff the
image of the projection from X to ()’ has full rank. Since rank is determined by nonvanishing
of minors, this is an open condition on the matrix (4.1), so (2) is satisfied.

To check smoothness of the transition map, note that by construction, the map goél takes

Al e Matﬁ?_k)Xk to the span of an n x k matrix which looks like (4.1) in a different basis.

n Example 4.3, with this notation, we would have written U, instead of U,,.
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Changing to the chosen basis for P and (), we obtain a matrix whose coefficients depend
linearly on the entries of A’. We can write this matrix as

B
C )
where B = B(A") is kxk and C' = C(A’) is (n - k) x k, and both depend smoothly (indeed,
linearly) on A’.
Supposing that X € Ug nUg/, we must have X n @ =0, so X and () are complementary.

This means that B is invertible. We can multiply by B on the right without changing the
span, so

B BB-1 1
-1 _ _ _
o (X) = Span(c) = Span(CB_l) = Span(CB_l) )

We therefore have
00 (cpg?l,(A’)) =CB'e Matgl_k)m.

This shows that the transition function is smooth on the overlap, so (3) is satisfied. Properties
(4) and (5) can be established in a similar way to the previous example. We of course have

Gri(K") = KP 1,

5. SMOOTH PARTITIONS OF UNITY (WED 9/18)

Today we will prove a basic lemma in the theory of (smooth) manifolds. Recall that the
support of a real- or complex-valued function f is defined by

supp f ={x e M | f(x) # 0}.
Definition 5.1. Let X = {X,} be an open cover of a smooth manifold M. A smooth

partition of unity subordinate to X is a collection of smooth functions v, (indexed by the
same set as X') such that for each a:

(i) 0< e, <1

(ii) supp ¥, ¢ X,
(iii) The collection {supp,} is locally finite
(iv) ¥, va = 1.

Notice that item (iv) makes sense in view of item (iii). In other words, for each x € M, the
sum in (iv) has only finitely many nonzero terms, so is well-defined without any analysis.

Definition 5.2. Let A c U c M, with U open and A c U. A bump function H for the pair
A c U is a continuous function on M with:

e 0<H(xz)<1

e H(z)=1forall ze A
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e suppH cU.

Lemma 5.3. Let 0 <ry <7y < oo. There exists a smooth bump function on R™ for the pair
B, (0) ¢ By, (0).

Proof. Let

1 t>0
f(t)z{o t<0.

1
t

For t > 0, we have f'(t) = e
Each higher derivative is again of the form p (%) e‘%, and so also tends to zero as ¢ \ 0. The
function f(t) is therefore smooth on R, with all derivatives vanishing on (—o0,0], and with
0< f(t) <1 fort>0.

Now define

, which tends to zero as t \ 0, so f’(t) is continuous on R.

-1
w(ty = —— I
f(ra—t) = f(t-r1)
One can check that this is a smooth bump function for (-oo,r;] c (—o0,73). Finally, for
z e R”, let

H(x) = h(|z]).

This is smooth for |z| > 0 by the chain rule, and since it is identically equal to one on a
neighborhood of the origin, is also smooth there. 0

We also need the following definition, which could have been made earlier but only becomes
relevant now.

Definition 5.4. A regular coordinate ball B c M is a coordinate ball centered at p e M
for which there exists another coordinate ball B’ centered at p with B € B’ € U c M, where
U is the coordinate chart making these into coordinate balls. In other words, if ¢ is the
chart map for U, we have

p(B) =B, (0), @(B') =B,(0), ri<ry,

with B,,(0) € p(U). This guarantees that o(B) = B,, (0).
The proof of Proposition 2.2 in fact showed that we can always choose a countable basis
for M consisting of reqular coordinate balls.

Theorem 5.5. Suppose M is a smooth manifold and X = {X,} is an open cover. There
exists a smooth partition of unity {1} subordinate to X.

Proof. Recall that in the proof of paracompactness of M, Theorem 2.6, we in fact showed
that a countable locally finite refinement of X' can be chosen from any basis. Let {B;}2, be
a countable locally finite refinement consisting of regular coordinate balls. It is easy to see
from the definition of local finiteness (involving a neighborhood W 5 z) that the collection
of closures {B;} is again locally finite (using the same neighborhood). Since the balls are
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regular, there exists a collection {B/} and chart maps ¢; such that ¢;(B;) = B,,(0), and
©i(B!) = B,,(0). For each 7, let H; be the bump function on R" guaranteed by (5.3). Let

I {HZ- opi(z) wzeB
"o xe M~ B
Let
f(x) = ;ﬁ(l’),
which is a locally finite sum, so gives a smooth positive function on M. Next, let

=y

These are each smooth, bounded between zero and one, and clearly satisfy

Hence {g;} is a p.o.u. subordinate to {B;}.
It remains to regroup and re-index to make the partition subordinate to the original cover
X. For each i, choose a(7) such that B; c X,;). Define

¢a: Z Gi-

ia(i)=c
This clearly satisfies (i) and (iv) in the definition of p.o.u. Note that
SUpPP Yo = Yiq(i)=a Bi-
Since {B;} is locally finite, one can pass the closure to the inside, giving
Supp Yo = Ui:a(i):aBz' c X,

which is (ii). Also, since each g; appears only once in 1,, (iii) remains true. (Notice that
many of the 1,’s may be identically zero.) O

We can now do a few applications.

Proposition 5.6. Let A c U c M with A closed and U open. Then there exists a smooth
bump function for the pair A c U.

Proof. Take Uy = U, Uy = M \ A. Let {19,791} be a p.o.u. subordinate to {Up, U;}. We have
Y1 =0o0n A, sog=1on A. Also, by definition, supp vy c Uy = U. Hence 1)y is the required
bump function. O

Remark 5.7. Tt is possible to choose 1 in the previous proposition such that ~1(1) = A,
i.e., the value 1 is taken on exactly on A (whereas ¢y may be identically equal to one on
a larger set). This follows from Lee, Theorem 2.29, which is also relevant to one of your
homework problems.
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Definition 5.8. An exhaustion function for M is a continuous function on M such that
for each ce R,

f - (_007 C]
is compact. In particular, an exhaustion function gives a nice way to define an exhaustion
by compact sets K,, = f~! (—o0,n] in the sense of Lemma 2.7.

Example 5.9. M =R, f(x) = |z|.
Proposition 5.10. Every smooth manifold admits a positive, smooth exhaustion function.

Proof. Let {U;} be any countable, locally finite cover by precompact open sets, and {1;} a
subordinate p.o.u. Define

f@) =) ii(z).
i=1
The sum is locally finite since the cover is. Moreover, we have
f(~o0,c]c Uz[i]lUi = U[ﬂUZ,

which is compact. The first inclusion is because if x ¢ U; for i = 1,...,[c]|, then x € U; for
some j > ¢, which implies f(z) > j > c. O
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Part 2. The tangent space
6. DEFINITION(S) OF THE TANGENT SPACE (FRI 9/20)

Given any open subset U ¢ M, we have constructed the ring of smooth functions C*(U).
Also, given two smooth manifolds M and N, we can talk about smooth maps f: M - N
(ones for which the pullback of any local coordinate on N is smooth on M). In particular,
a smooth path in M is just a smooth map

v:(-g,e)cR—- M.

Supposing that v(0) = z, we say that v is a smooth path through z. (One can equally well
consider C! paths.)

Question. What space does the derivative “y’(0)” belong to?
Answer 1. Given any coordinate chart (U, ) containing x, by shrinking e if necessary, we

can assume that y(—e,e) c U. We can then take the composition p o~ : (-g,¢) > R and
form the usual derivative

(907 (0) = lim £O1D) = #(@).
t—0 t
Note that we are using the vector-space structure of R” to form the difference quotient, and
the topology on R” to take the limit. So, from a smooth path in M and a coordinate chart,
we get a vector in R”™.
Given a different coordinate chart (V,1), the corresponding vectors in R™ are related by
the chain rule as follows:

(¥07) (0) = (Yoptopoy) (0)
=d(Vop™) (o) (0),

where d (o p™") ., is the usual derivative of a map from R® — R”. As one shows in
multivariable calculus, the matrix corresponding to this linear map is the so-called Jacobian,
which contains all the partial derivatives of the coordinate functions (see Example 6.1 below).

Now, to give the first definition of the tangent space at x, let {(Uy, pa) }aca be any smooth
atlas for M (which one could take to be maximal for convenience). Let A, = {a € A|U, > x}.
Take one copy R” of R™ for each o € A,. For any v, € R and vg € R}, declare v, ~ vg if and
only if

(6.1)

d(ppo 90;1)%(%) Vo = V3.
It’s easy to check that this is an equivalence relation, so we can define
TEOM 1= Ugea, R2/ ~ .
For each «, the map
Vo €R? o [v,] e TEOM
is clearly a bijection, since [v,] R} consists of one element for each 3 € A,. Moreover, since

the derivative is a linear map, the identifications are all linear, so ngl)M inherits the same
vector-space structure from each chart.
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Given a path ~(t) through x, we may let

7 (0) = {((a°7)(0)), la A} e M,
which is a well-defined equivalence class by (6.1).

Example 6.1. Let {27} be a system of local coordinates on U, and {y’} a system of local
coordinates on Ug, both containing x. The transition map can be written as

- n n n n T
(pﬁo(pal:('r17"'7x )1—"_)(yl(aj17"'7aj )7"'7y ("'-6‘17"'7'r ))

The derivative of 7 is given in the Us coordinates by

dy* (v(1))
at

7'(0) = :
dy" (v(1))
N~ /5

dxd (y(¢)) oyt
T a2

dai (+(1)) Oy"
L Zj dt c’)yW B

where we have applied the chain rule on each coordinate function. The vector on the inside
is precisely the Jacobian matrix

9. ..
( oyt )” Oz! Oz
0 i1 e ow
ozl oz
multiplied by the derivative in the U, chart,
da (v(t))
dt
dz" (+(1)
dt a

This shows that that d (¢s 0 ¢3!) indeed acts by multiplication by the Jacobian matrix.

a(x)

Answer 2. Fix a path v as above. Given any smooth function f e C*°(M), we can form
the composition

feyi(-ge) >R
and take its derivative at t =0:
(f27)'(0) eR.
This gives us a linear functional on C*(M), i.e. a linear map to the real numbers, which
we denote by

wy:C®(M) >R
[ (fo)(0).
This further satisfies the Leibniz rule

(6.2) wy(f-g) =w,(f)g(z) + f(x)w,(g).
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Let’s recall the proof. Since v(0) = z, we have:
hmfw(t))g(v(t)) f(x)g(x)

. :h.ﬂﬂﬂwhﬁﬂ f@MﬁHD+f@MhUD f(x)g(x)
6.3 =0

IHJfW@D—f@DgWU»+f@ﬁ@hUD—9@D
t

wy(f-g)=

t—0
=w,y(f)g(x) + f(x)wy(g).
A linear functional on C*°(M) that also satisfies (6.2) is called a derivation at z. For our
second definition, we take

TOM := space of all derivations at x.

As explained above, the path v defines an element w., of this space which we can think
of as 7/(0). Also notice that since one can add and scalar multiply derivations, 7. D s
automatically a vector space.

Example 6.2. Fix coordinates {z?} as before. Define the derivation
0 J(gop™)) . g(at,... ozt +t,...;2") —g(at, ... 2")
— . > — 77 l Y Y ) 7 Y Y .
or’ g oxt 10 t
This is checked to be a derivation as in (6.3). In fact, letting +;(¢) be the path such that

() = (2, ... 2t +t,.. . 2™)T,

we have

0 _ w
ot
by definition. Moreover, by the calculation in the last example, for any path v, we have
_ s dei(y(t)) O
D YTk
Hence the elements % span the image of w, inside the space of derivations TI(Z)M . Last,
given another coordinate system {y’}, we have
w0y 0o
Ozl 54 0xJ Oyt

by the chain rule.

Answer 3. Notice that the derivative of a function f along the path v at ¢ = 0 only depends
on the values of f near x. This motivates the following definition, which leads to our third
answer.

The ring of germs of smooth functions at = is defined to be

Co(M) ={(U, /)| feC=(U),U>x}/~,
where (U, f) ~ (V,y) iff there exists x €e W c U nV such that

f|W:g|W'
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The path 7 clearly gives a well-defined derivation w, on germs, given by

wy ([(U, £)]) = (fo7) (0) eR.
We will henceforth omit the set U and brackets and simply denote a germ [(U, f)] by f.
Now let
my = {f e CZ(M) | f(x) = 0}.
This is an ideal in C2° (M )—in fact, as you will show on homework, it is the unique maximal
ideal. So C(M) is a local ring...hence the term!
The derivation w, on C2° (M) restricts (uniquely) to a linear functional on m,. Since it is
a derivation, if f(x) =0 = g(x) then w,(f-g) = 0. Hence w, restricts to zero on the square
ideal m2. The image of w, therefore makes sense in

(mgg/miyP = TP M.

Theorem 6.3. The tangent spaces T,@M are all canonically isomorphic. In particular, the
tangent space at x, denoted henceforth by T, M, is a real vector space of dimension n.

You will prove this on your homework. The only tricky part is to show that there are no

“extra” derivations beyond those spanned by a?ci

following result, which establishes the case of a ball in R™.

in coordinates. You may make use of the

Lemma 6.4. Let w be a derivation at the origin on B,(0) c R*.? If f € C*(B,.(0)) is such

that %0:0]007«@‘:1,,,,,71, then w(f) =0.

Proof. This can be seen using the following version of Taylor’s theorem.
For a twice-differentiable function ¢(¢) on [0,1] c R, we have

9(1)-9(0) = [ g/ (1)

We integrate by parts using the antiderivative (¢ —1) of 1. This gives

9(1) = 9(0) = (1= gt~ [ (1= 1)g" (1)t
=)+ [ (1-0)g" (@)

Now, given a C? function f on a neighborhood of 0 € R?, and x such that the line from 0 to
x is in the domain, we can define

g(t) = f(t-x)
where t scalar-multiplies the vector x. By the chain rule, we have

9= oL (o)

and

af
" _ @] .
g"(t) ZEJ:)::U S 9] (t-x).

2This was stated in class as a statement about derivations on the ring of germs, but the proof works for
the ring of smooth functions on any domain which is star-shaped about the origin.
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Substituting into the above formula, we obtain

. ot 0
(6.4) f(x):f(0)+zi:x’a—£+;xlx3‘/0 (1—t)a$i£$j(t-x)dt.

We can use this formula to prove the Lemma. First of all, note that any derivation w must
vanish on constants, because

w(l) =w(1?) =w(1)-1+1-w(1) =2w(1).

Rearranging, we have w(1) = 0, whence w(c) = ¢-w(1) = 0 for any constant ¢ as claimed.
So w vanishes on the first term on the RHS of (6.4). It vanishes on the second term by
assumption. For any f, g€ m, and h e C*=(B,(0)), we must have w(fgh) =0 by the Leibniz
rule. Since the third term is a sum of smooth functions of this form, w also vanishes on it.
Hence w(f) =0 as claimed. O

7. DERIVATIVE OF A FUNCTION, COTANGENT SPACE, DERIVATIVE OF A MAP (MON
9/23)

Last time we gave three equivalent definitions of the tangent space T, M, motivated by the
desire to define the derivative of 4/(0) of a path through z. There is also a fourth definition,
which is even more natural than the others.

Answer 4. Let
™ M

denote the set of equivalence classes of smooth paths through = under the relation:
n~ye e (fon) (0)=(foy) (0) V feC=(M).

You will also show on homework that 7. §4)M is in canonical bijection with the other three.
With this definition, we can simply take

7'(0) = [y] e XV M.

The only reason for not including T M last time is that it does not obviously have the
structure of a vector space, while the others do.

Question. Let f be a smooth function on a neighborhood of x. What is the derivative of f
at x?

Answer. Given v e T, M we have v =+'(0) for some path ~ through x. Then the function f
defines a map

v (fo7)(0)€R,
which is independent of the path ~ for which +/(0) = v (in Tx(4)M, this is just by definition!).
We call this map

df e (T,M)" =T; M,
where the dual space T} M is called the cotangent space of x at M. Since this is the dual
of T, M, it also has dimension n.
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Example 7.1. Let 2% be a coordinate system. By definition, the differential of z? is given

by
O\ or
0 35) = 55 =%

Therefore {dz'}?, is the dual basis of {2 }Zl.

ox*
Given a smooth function f, we have
0 of
d - | = —
/ ((hz ) Oz’
which implies
_y Of
In particular, for another coordinate system 7, we have
i w9y
dy' =3; 5 da?,
SO
of . ; of oy*
7.2 df =¥;,=—=dy" = %; j — ——da’.
( ) f Gyl Y 5] ayz (95(3] 24
Since the coefficients of da/ in (7.1) and (7.2) must be equal, we have
of of oy
73 . = - -
(7.3) dxi EZ: Oyt Oxd’

which agrees with the chain rule.

Question. What is the derivative of a smooth map F : M - N7
In the case of M =R™ N =R", recall the definition

dF, = L <=>lim Fla) - F(p) - L(z=p) _
TP |z - pl

0.

By considering this limit along the x7-axes, one proves that L must be the Jacobian matrix
of partial derivatives: (%) . Of course, we could define the derivative of a general smooth
map F' by pre/post—comp]osing with coordinate charts and showing that the resulting map
is well-defined on equivalence classes, per definition ngl)M . But that would not be very

satisfying. It is easiest to define dF}, by reference to the fourth definition:
dF, :TWM - TN
[v] = [F o]
Since F' is defined locally by the smooth component functions y’ o F'(x), it is obvious that

this map is well-defined.
The derivative of F' is even-more-obviously-well-defined at the level of derivations:

dF, : TOM > TP N
w e (g w(gol)).

(7.4)
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Here one just has to check that the pushforward of a derivation at z is a derivation at F'(y),
i.e. the Leibniz rule still holds. That can be done in two lines (as we did in class).
The derivative dF} is sometimes denoted by F), and called the “pushforward.” This is for
symmetry with the “pullback” map on cotangent vectors:
F* TR N> Ty M
ar (ve al(dF,(v))).
Note that F* is simply the adjoint of dF}, = F.

Example 7.2. Let {27} be local coordinates on M near z and {y7} be local coordinates on
N near f(x). After pre/post-composing with the charts, we can write

yl(.’L':L’ A 7xm)
y(zt, .. ™)
Then
((%J ) (v) = 8x9
and _
oyt Of
( ) (f)= 3:163 Z OxI Oyt

We can therefore write

0 dyt 0
de e - :
(8361 ) ZZ: oxI Oyt

* 7 ayl
Frdy' = Z 57

J

and

The main goal of Part 3 will be to show that if dF), is injective, surjective, or bijective,
then F'is injective, surjective, or bijective, respectively, on a neighborhood of . Maps with
these properties are respectively called immersions, submersions, and local diffeomorphisms.

8. THE TANGENT BUNDLE AND VECTOR FIELDS (MON 9/23)

Question. How to make sense of a “smoothly varying family of tangent vectors?” l.e. a
collection

X ={X, eT. M},
for which X, “varies smoothly.”

Answer 1. Such a collection can be considered smooth if

X, =YX

for smooth functions X?(x) in local coordinates.
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Answer 2. Define the tangent bundle
(8.1) ™ = | | T.M
zeM

as a set. We’ll employ the smooth manifold chart lemma to give smooth charts canonically
attached to smooth charts on M, in such a way that the projection map

7:TM - M
is smooth.

Proposition 8.1. For any smooth n-manifold M; the tangent bundle T'M has a natural
topology and smooth structure that make it into a 2n-dimensional smooth manifold. With
respect to this structure, the projection m:T'M — M s smooth.

Proof. We begin by defining the maps that will become our smooth charts. Given any
smooth chart (U, ) for M, note that 7=1(U) c T'M is the set of all tangent vectors to M
at all points of U. Let (x!(p),...,2"(p)) denote the coordinate functions of ¢, and define a
map ¢ : 71 (U) - R?" by

0
o

oz

Its image set is ¢(U) x R™, which is an open subset of R?". It is a bijection onto its image,
because its inverse can be written:

~_ n n [ a
¥ 1((11(]9),...,1' (p),'Ul,...,U ):ZU axi|¢’1‘

P) - (xl(p)’ ce 7xn(p)’vl7 T ’Un)'

Now suppose we are given two smooth charts (U, ¢) and (V,4) for M, and let (7~'(U), ¢,
(7=1(V), ¢ be the corresponding charts on T'M. The sets:

(M (U)n7a Y (V) =p(UnV) xR"

and
S(EH(U)na (V) =(UnV) xR"

are open in R?, and the transition map 1o ¢~ : (U n V) x R" - (U n V) x R* can be
written explicitly as:

(8.2) Q; oMt .. 2" vt v = (w(go_l(xl, csx™)) A1) (w o gp‘l) (v!, ... ,v”)),

which is smooth.

Choosing a countable cover {U;} of M by smooth coordinate domains, we obtain a count-
able cover of T'M by coordinate domains {7~'(U)} satisfying conditions (1) — (4) of the
smooth manifold chart lemma. To check the Hausdorff condition, just note that any two
points in the same fiber of 7 lie in one chart, while if (p,v) and (¢, w) lie in different fibers,
there exist disjoint, smooth coordinate domains U, V' for M such that pe U and g€V, and
then 7=1(U) and 7~1(V') are disjoint coordinate neighborhoods containing (p,v) and (¢, w),
respectively. To see that 7 is smooth, note that with respect to the charts (U, ¢) for M and
(771, ¢) for TM, its coordinate representation is 7 (z,v) = x O
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Definition 8.2. A smooth vector field over U, X € X(U), is a smooth section of
m:UwTM,

i.e., a smooth map such that
moX =Idy,

or in other words X (z) € T, M for all z € U.
Note that by letting X act on functions at each point x € U, X € X(U) defines a derivation:
X:C®(U)—-C=(U)
[ X(f) = df (X)),
i.e. a linear map satisfying the Leibniz rule
X(fg)=X(fg+[X(9).
Question. What is the derivative of a vector field?

This question will be partially addressed in Part 4 and more fully addressed in Math 765.
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Part 3. Immersions, submersions, submanifolds
9. THE INVERSE FUNCTION THEOREM (WED 9/25)

As mentioned last week, the goal is to go from information on the derivative dF' at a point
(injectivity, surjectivity, bijectivity) to the same information on F' in a neighborhood. We
start with bijectivity, as it turns out that the other cases can be reduced to this one.

Theorem 9.1 (Inverse function theorem). Let F': M — N be a smooth map and p € M.
Suppose Ay, : TyM — Tr,)N is an isomorphism. Then there exist neighborhoods Uy > p and
Vo > F(p) such that the restriction

Fly, : Uo > Vo

1s a diffeomorphism.

Proof. Since the statement is local, without loss of generality, we can replace M by a coor-
dinate neighborhood U centered at p and N by a coordinate neighborhood V' centered at
F(p) € N. The statement is clearly true if and only if it is true after pre/post composing
with the coordinate maps. So we may assume without loss of generality that U and V' are
subsets of R", with p = 0 = F(p). (Since dF), is an isomorphism, the tangent spaces are of
the same dimension, so M and N are of the same dimension n.)
Let
L= (dF)y.

Given y € V sufficiently close to zero, we shall use Newton’s method to find z = F~1(y).
This means that we “adjust” a candidate solution, z, by following the linear approximation
until it hits the value y. The adjusted x, which we call T, (), is determined by

L(T,(x)-2)=y-F(x)

and
Ty(z)=z+ L7 (y-F(z)).
Here we have used the assumption that L is an isomorphism in order to apply the inverse
L~ to both sides.
Notice that clearly we have

y=F(z) e T,(z)=u.

The problem of solving F'(z) =y is therefore reduced to finding a fixed point of the map T),.

Lemma 9.2 (Contraction mapping principle). Suppose that X is a nonempty complete
metric space and T : X — X satisfies

d(T(z), T(y)) < Ad(z,y)
for all x,y € X and some constant A < 1. Then there exists a unique fized point of T on X.
Proof. Exercise (you should have seen this before). U

We will apply the contraction mapping principle with X = B;(0), the closure of a small
ball around the origin, where ¢ is chosen as follows. We have

F(x) =Lz +G(x)
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for a “remainder” function G(x) which is again smooth with dGy = 0. Given € > 0, there
exists 0 > 0 such that

(9.1) |dG,| < e
for all |z| < 0. Here we are taking the operator norm of a linear map:
(9.2) |A] := sup|Av|.

[v|]=1

We now let 6 >0 be such that (9.1) is satisfied with

1
£=—0.
2|71
By the mean-value theorem, (9.1) implies
! 1 !/
for all |z| < 0, as well as simply
1
9.4 G(x) < ——z|.
(94) (@) < gl
Assuming also that
9.5 _
we have

T, ()| = e+ L7 (y - Lo - G(x))|

=|L7(y - G(2))|
<|Z7 Iyl + el=)
< 0 + 0 =0,

2 2

where we have applied (9.4-9.5). This shows that T, restricts to a map
T, : B5(0) - B5(0) c B;(0).
We claim that it is a contraction on m. Indeed, from (9.3), we have
IT,(z) - T,(2")| = |z -2’ + L' (y - Lv - G(x) —y + Lz + G(x)) |
=|L7 (G(z) - G())]
<|LHG(x) - G(a)|

1
< —|lz-2a|
Lt
We conclude from the Lemma that given y € B_s _ =: Vj, there exists a unique z € Bs(0)

2|L~1|

such that F'(x) = y. (A priori, x only lies in the closure B;(0), but since it solves T, (z) = x
and the image of T}, is contained in Bs(0), the same is true of z.) Letting

Up = F~Y(V) n B;(0),
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we have shown that F': Uy - V| has an inverse map F!.
It remains to check continuity and smoothness of F'~1. Write y = F\(z) and y' = F'(z'). For
continuity, we compute

ly" -yl =[La"+ G(2") - La - G(x)]
> |L(x = 2")| - |G(2) - G()]

(9.6) >

Here we have used (9.3) and the fact that |L(z-2")| > ﬁhj — | (exercise). This expression
certainly implies that 2’ — x as y’ - y, so F'~! is continuous.

Next, write L, = dF,. After shrinking 9, we can assume that L, is invertible for all x € Uj.
We claim that for = € Uy, and y = F'(z), we have

-1\ _ 7-1
(9.7) (dF )y =L
We have
-1 Y _ -1 T =1(, _ I _ _ ! _
i L) - F I(y) L' ~9) Lgle(:r fﬂl') (' -y)
y' -y \y —y| Y-y \y —y|
! _ Yy _ _ L I _
_ g W=l F@) = F@) - Lo(a ~2)
o= |y =yl |2 — x

It follows from (9.6) that E::;' is bounded, and the rest of the expression tends to zero by
definition of L,. Therefore the limit is zero, which proves (9.8).

To see that the first derivative is continuous, we rewrite (9.8) as
_ -1
(9.8) (dF™), = (L)

. -1 . . . o, . . .
The function (L,) " is smooth in z near zero, since it is the inverse of a smooth matrix-

valued function. Since F~!(y) is C°, this implies that (LF—I(y))_l is continuous in y. But
this implies that the LHS of (9.8) is continuous in y; in other words, F~1(y) is C*.

Now, the fact that F'~!(y) is C'! implies that (LF—l(y))_l is also O, since a composition of
a smooth and a C! function is C'!. But then the LHS of (9.8) is C'!, which is to say, F~(y)
is C2. Continuing in this way, we obtain continuity of all higher derivatives of F~1(y). O

10. LOCAL DIFFEOMORPHISMS AND COVERING MAPS (WED 9/25)

Definition/Lemma 10.1. A smooth map F': M — N is called a local diffeomorphism
if dF, is an isomorphism for all x € M. In particular, for x € M, there exists Uy > x and
Vo 3 F(x) such that

F|U()UO_)‘/E)

1s a diffeomorphism.
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This definition has a close relationship with the following topological one.

Definition 10.2. A map 7: X - Y between two topological spaces is called a (topological)
covering map is every point ¢ € Y has a neighborhood V' that is evenly covered, i.e.

(V) =uV,
for some disjoint open sets V,, ¢ X such that g, V,, - V is a homeomorphism for each o.
Example 10.3. Let k€ Nu {oo}. Consider the projection map
7:R/2nkZ - R/27Z = S!
(0]~ [0].
Not only is this a local diffeomorphism (for tautological reasons), it is a k-to-1 covering map.

Example 10.4. Consider the projection map 7 : S* - RP* = S7/ + 1. This is a local
diffeomorphism, since the hemisphere charts U* are each mapped diffeomorphically onto the
standard coordinate chart U;. This also shows immediately that 7 is a 2-to-1 covering map.

Example 10.5. To make a stupid example of a local diffeomorphism that is not a covering
map, take M = (0,1)u(-1,1), N =(-1,1), and 7 the obvious map. Then 0 is not evenly
covered.

Here are some simple theorems about local diffeomorphisms versus covering maps that we
did not get to discuss in class, but which may come up again later. The first gives a criterion
for when a local diffeomorphism is a covering map.

Proposition 10.6 (Lee, Prop 4.46). Let F' : M — N be a local diffeomorphism which is
proper (i.e. the inverse image of compact subset is compact), and assume N is connected.
Then N is a covering map.

Proof. The main point is to observe that the fiber over any point is a discrete set, by the
local diffeomorphism property; but this set must be compact by properness, and a discrete
set is compact if and only if it is finite. So, to obtain a neighborhood V' which is evenly
covered, one need only take the intersection of finitely many open sets on which F' is a local
diffeomorphism. O

The second one is about when a topological covering map can be promoted to a local
diffeomorphism.

Proposition 10.7 (Lee, Prop. 4.40). Suppose that m : X — N is a covering map, with
N a smooth manifold. There exists a unique smooth structure on X such that w is a local
diffeomorphism.

Proof. One can endow X with an atlas consisting of connected components of the preimages
of evenly covered coordinate balls in N. These will overlap only if their images in N overlap,
in which case the transition functions are exactly the same. U

One consequence is that the universal cover of a smooth manifold is naturally a smooth
manifold.

There is another one on your homework showing that given a covering action by diffeo-
morphisms, you can “descend” the smooth structure to the quotient in a unique way:
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Proposition 10.8. Suppose that a group G acts properly discontinuously® by diffeomor-
phisms on a smooth manifold M. Then M |G has a unique smooth structure such that the
projection w: M — MG is a local diffeomorphism.

Proof. Homework 4. 0

For example, this gives you another way to define the standard smooth structure on RP".

11. IMMERSIONS AND EMBEDDINGS (FR1 9/27)

11.1. Immersions. A smooth map F : M — N is an immersion if dF} is injective for all
x € M. (Note that necessarily m = dim(M) > n = dim(N).)

Remark 11.1. dF being injective is an open condition, meaning that if dF}, is injective then
there exists an open neighborhood U > p such that dF, is injective for all x € U. There are
many ways to see this. For instance, by Gaussian elimination, the matrix representing dF),
is injective if and only if the determinant of an m x m minor does not vanish, which is an
open condition since the determinant is a polynomial in the coefficients. More geometrically,
one can observe that since the n-sphere is compact, dF), is injective if and only if

inf [dF,(v)| > 0,

and by uniform continuity, this remains true after perturbing dF), slightly (exercise).

In the proof of the inverse function theorem (before 9.8) we used the case m = n of this
fact, which is easier to see since it’s just nonvanishing of the determinant.

This observation also follows from the next result.

Proposition 11.2. Suppose dF, is injective. There exists a coordinate system on N near
F(p) such that F takes the form

n—-m
F(z', ..., 2™) = (2, ..., 2™,0,...,0).
Proof. We can suppose without loss of generality that the first m x m minor of dF}, is non-

singular:

nonsingular
~=

dF, = *
"
For, we know that m of the rows must be linearly independent, so we can simply permute
the coordinates on N so that these rows become the first rows of dF,.
Now, by shrinking U, we may suppose that F(U) € V, and let ¢ > 0 be such that
d(F(U),V¢)>e. We can then define a map

F:Ungfm(O)e‘/CRn
(z,y) = F(z) +(0,y).

3An action G O M is called properly discontinuous if each p € M has a neighborhood U > p such that
Ung(U)=@ for g+eeqG.
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Here we are using the addition operation on R"; written out fully, the above expression
means

Fl(at,...,z™)

= Fm(xt, ... am)
Fz.y) = Fmott(gl oo ™) + y!
Fr(zl, ... am) +yvm

The derivative of F' is a matrix of the form

_ [+ 0
dF( 1),

where the left part is unchanged. From the form of dF,, it is easy to show that the columns
of dF}, are linearly independent. Since this is an n x n matrix, it is invertible. By the inverse
function theorem, there exists an inverse

F1:Vy—>UycUxB.(0)cR"
which is also a diffeomorphism. As our new coordinate chart, defined on V;, ¢ N, we take
zﬂ::F’l:%aUO::VO_
To see that this does the trick note that since F~!o F =1d, we have
(z,y) =¥(F(z,y)) Y(z,y) W

Taking y = 0, we have

(2,0) =¥ (F(x,0))
But from the definition of F, we have F/(z,0) = F(z). So we obtain

(2,0) = (o F) (),

which is just the desired expression. 0

11.2. Embeddings. An immersion F': M — N is called an embedding if it is a homeo-
morphism onto its image.

Remark 11.3. The following is a necessary and sufficient condition for a continuous map
from a T1 space to be a homeomorphism onto its image: for every p € M and neighborhood
U > p, there exists a neighborhood V' 5 F(p) such that the inverse image F~1(V) c U.

Example 11.4 (Immersion, not injective).
1
t— (§t + cost, sint) .

The image is a doodle crossing itself once per cycle.

Example 11.5 (Homeomorphism onto its image, not an immersion).

t — (t+cost,sint).

This is one-to-one but has a “cusp” each cycle.
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Example 11.6 (Injective immersion, not homeomorphism onto its image). The “figure
eight” in R? can be parametrized by R in such a way that £'(0) = (0,0) but also the limit as
r — +o0 is zero. Letting U be any bounded interval containing 0 € R, the inverse image of
any open set V'3 (0,0) contains points near oo, so is not contained in U. By Remark 11.3,
this is not an embedding.

Remark 11.7. Supposing that a map is an injective immersion, Lee Proposition 4.22 gives
several handy criteria for the map to be an embedding: for instance, if M is compact then
this has to be the case, because a continuous map from a compact space to a Hausdorff space
must be closed, so its inverse satisfies the “closed set” definition of continuity.

Example 11.8 (Embedding). Here is a standard way to embed the torus 72 into R3:

(11.1) (0,0) = ((2+cos¢)cost, (2 +sing)sinb,sing).
We have
—(2+cos¢@)sind
(Z—]; =| (2+cos¢)cosb
0
and
—sin ¢ cos 6
g—F =| —sin¢sind
¢ cos @

So the Jacobian matrix is

—(2+cos¢)sinf —singcosb
(2+cos¢)cosf —singsind
0 cos ¢

The determinant of the top 2 x 2 minor is
(2+cos ¢) sin ¢ (sin® 0 + cos? ) = (2 + cos ¢) sin ¢.

This is nonzero as long as ¢ # 0,7 + 27Z, so we are done apart from those cases. For
¢ =0,7+ 2717, the Jacobian is
-(2+1)sinf 0
(2+£1)cosf 0
0 +1

The columns are linearly independent for any value of #, so we are done.

Remark 11.9. Note that in the last example we were slightly casual in that we treated 6
and ¢ as coordinates on T2 although they are not globally well-defined. Really, what we
showed is that the map R? - R? defined by the formula (11.1) is an immersion. This does
of course descend to a map from the torus 72 = R?/277Z2, and the map is smooth because
the projection R? - T2 is a local diffeomorphism—for the general statement of this smooth
descent property, see Corollary 12.8 in the next lecture.
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12. SUBMERSIONS AND THE CONSTANT RANK THEOREM (FRI 9/27-MoN 9/30)

12.1. Submersions. A smooth map F': M - N (m >n) is called a submersion if dF, is
surjective for all p e M.
Remark 12.1. Being surjective is also an open condition on a linear map. This can also

be seen by considering minors / using Gaussian elimination. Alternatively, one can observe

that dF, = F, : T,M — Tp@)N is injective if and only if F™* :T;:(p)N — Ty M is injective.

Proposition 12.2. Suppose dF, is surjective. There exist coordinates on M mnear p such
that F' takes the form
F(zt,. . a™ gt y™ ) = (2. a™).

Remark 12.3. As we shall see from the proof, one only has to change n of the variables
on the domain and can leave m —n of them unchanged (the ones that will be labeled as
y', ... y™ ™). See the corollary for a statement to this effect.

Proof. Since the theorem is local, take open sets p e U ¢ M and F(p) € V c¢ N. By permuting
the coordinates on the domain, we may assume that

n m-n

dF,=( + |+ )
where the left n x n block is nonsingular. Now, consider the map
F:U-VxR™™
(z,y) = (F(z,y),y).

_ * *
dF, - ( ‘ Im_n)

where the left part is the same. As before, it is easy to see that the rows are linearly
independent, so this is invertible. The inverse function theorem guarantees the existence of

We have

an inverse F-! on a smaller domain, which we write in the form
FY(z,y) = (A(z,y), B(z,y))
for smooth functions A(z,y) € R® and B(z,y) € R™ ™. For any point (z,y), we have
(z,y) = F(F'(z,y))
= F(A(z,y), B(z,y)).
Comparing both sides, we see that B(x,y) =y, so in fact we have
(z,y) = F(A(z,y).y)
= (F(A(2,9)),),v),
by definition F. We therefore have
z=F(A(z,9),y).
Take new coordinates on Uy c U ¢ M given by ¢(x,y) : (A(x,y),y) € R™. We then have

(Fop)(z,y)=F(A(z,y),y) =z,
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as desired. U
As a corollary of the proof, we have:

Corollary 12.4 (Classical Implicit Function Theorem). Suppose we have a smooth function
F:UxV cR'xR™™ - R with F(0) =0 and let (z,y) = (z',- 2" y', - y™™") and
z = F(x,y). Suppose that the matriz of partials

(5,
Oz | i,j=1

is nonsingular. Then for each z sufficiently small, there exists a smooth function ¢,(y) such
that

F(o.(y),y) = 2.
Proof. This follows by letting . (y) = A(y, z) in the previous proof. O

Remark 12.5. It is good to try and draw a picture of this statement (as we did in class)
and think about how to prove it directly using Newton’s method.

12.2. Examples of submersions.

e Any local diffeomorphism is a submersion with m = n, and vice-versa. For instance
any smooth covering map, e.g. our favorites R®» — R?/Z" = T? and S - S"/ +1 =
RP~.

e Let K =R or C. The canonical projection

7 K™ {0} - KPP
is a submersion (homework).

e Let m be the restriction of 7 to the unit sphere in K™\ {0}. In the case K =R,
the restriction is a local diffeomorphism, as we know. In the case K = C, you will
prove on your homework that the differential is still surjective after restriction to
S2n+l ¢ Cr+l) 5o remains a submersion.

Notice that the fiber over each point is a circle: given X = (X1 ... Xn*l)e S+l ¢
Cr+1, the fiber 75! [X] over the line [X] = CP is:

P XX = (X AX ) [ A = 1.

So the fibers are all diffeomorphic. This turns out to be a general property of sub-
mersions from compact to connected manifolds.
This example is called the Hopf fibration and is usually represented by a diagram:

Sl N S2n+1 o, CP™.
In the case n =1, by Proposition 4.4, we have

St 8§35 52
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e (Homeomorphism, not submersion) The map

R-R

513"—>373

is surjective (indeed, a homeomorphism) but is not a submersion because the differ-
ential at zero is not surjective.

e (Not homeomorphism, not submersion) We can extend the previous example to the
complex numbers:
C-C

Z'—>ZS.

Notice that the fiber over any point w # 0 consists of three points, whereas the fiber
over w = () consists of a single point. So over C, the failure to be a submersion shows
up not only in a drop in rank of the differential but in a change in the topology of
the fibers.

12.3. Properties of submersions.

Proposition 12.6. A submersion is an open map. A surjective submersion is a quotient
map.

Proof. The openness follows from Proposition 12.2. For, given a neighborhood W c M and
a point y € F'(W), let p such that F(p) = y. There exist neighborhoods U > p and V 3 y
such that F|; takes the form of a projection onto a coordinate plane containing V'; we may
assume without loss of generality that U c W. In particular, F'(U) =V, so V c F(W). Since
y € F(M) was arbitrary, we are done.

It is a fact that a continuous, open, surjective map is a quotient map. 0]

Proposition 12.7. Let M, N, and P be smooth manifolds. Suppose that we have a diagram

of maps
N

NLP,

where T is a (smooth) submersion and F,F are continuous. Then F is smooth if and only
if F' is smooth.

Proof. To check smoothness, it suffices to use a coordinate chart of the form guaranteed by
Proposition 12.2. But then the claim is obvious, because smoothness of a map amounts to
smoothness of all coordinate functions. 0

Corollary 12.8. Surjective submersions have the smooth descent property. l.e., given
a smooth map F as above which is constant on the fibers of w, then there exists a unique
smooth map F' such that the diagram commutes.
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Proof. Since a surjective submersion is a quotient map, there exists a continuous map F' com-
pleting the diagram by the universal property of quotient maps. By the previous proposition,
if F'is smooth, then so is F. ([l

Remark 12.9. This property is useful for doing your homework, especially in the case of
local diffeomorphisms. For instance, to define a map from 7™ or RP" into another space,
you just have to make a smooth map from R” or S, respectively, that is constant on fibers
(i.e. equivalence classes).

Another application that may be helpful later on is:

Theorem 12.10 (Uniqueness of smooth quotients). Suppose given a diagram of smooth
manifolds and surjective submersions of the form:

M
2N
Nl(— —————— ->N2.

If my is constant on the fibers of wo and vice-versa, then Ny and Ny are diffeomorphic by a
map which completes the diagram.

Proof. This follows by completing the diagram in both directions using Corollary 12.8. [

12.4. The constant rank theorem. We have the following generalization of the immersion
and submersion theorems proven above.

Theorem 12.11. Suppose that dF, has constant rank k for each x € U c M, and let p € U.
After changing coordinates near p and F(p), F takes the local form

n—k
F 1 k1 m-k\ _ 1 k’O 0
(z',.. 2%y .y )y = (a5, ..., 2",0,...,0).

Remark 12.12. While being injective or surjective (i.e. having mazimal rank) is an open
condition, having constant rank less than the maximal one is *not* an open condition,
because the rank can be lower at a point than it is at nearby points (due to a minor vanishing
there). So the assumption of this theorem is stricter than the previous two.

Proof. Suppose that the top k x k block of dF), is nonsingular. Then the restriction to
the coordinate plane R¥ x {0} c¢ R™ is an immersion. By Proposition 11.2, we can choose
coordinates on N so that
n—k
—
F(z',...,2%0,...,0) = (2,...,2%,0,...,0).

Meanwhile, the composition of F' with the projection onto R*¥ x {0} ¢ R” is a submersion.
By Proposition 12.2, we can change the first £ coordinates on M so that our map takes the
form

F(zt,. ..oyt oy ) = (2. 2R, G, y)),
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for some map G(z,y) satisfying G(x,0) =0 (by our first choice).* We have

1lc><k 0

Oz oy’

But since the rank is exactly k for all x € U, the lower-right block must vanish identically.
In particular, the function G(x,y) is independent of y, so G(z,y) = G(z,0) =0 for all (z,y).
Hence, the map F'is already in the required form. O

13. SuBMANIFOLDS (WED 10/2)

13.1. Submanifolds and embeddings. Let k <m = dim(M). A subset S c M is a called
a submanifold® of M if for all p € S there exists a “slice chart” for S through p, i.e., a
coordinate chart U for M containing p, together with constants c!,...,¢™*, such that

@(UﬁS)z{(xl,...,xk,cl,...,cm‘k)EU}.

Example 13.1. S' c R? is a submanifold. To make slice charts we can use polar coordinates:
(r,0) € (0,00) x (=, ) or (0,27) maps to

(z,y) = (rcosf,rsinf).

To check that these are charts, one can either write down the inverse maps or check that
the map and its differential at each point are bijective. The plane r = 1 in either chart
corresponds to the intersection with S*.

One can use the radius function in a similar way to extend any chart on S™ into a slice
chart for S™ c R+

Definition 13.2. The codimension of a k-dimensional submanifold S ¢ M is m - k. A
submanifold of codimension zero is an open subset; a submanifold of codimension m is a
discrete set of points. A submanifold of codimension one is called a hypersurface.

To legitimize the above definition, we need to show that a submanifold is in fact a manifold.

Proposition 13.3. Let o/ be an atlas for M with the property that for each p € S, there
exists (U, p) € & which is a slice chart for S through p. Then the atlas

s ={(UnS, ¢lg) | (U,p) e dis a slice chart for S}

1s a smooth atlas for S.

Proof. The atlas 275 covers S by assumption and gives homeomorphisms to open subset of k-
dimensional planes in R”, which we can identify with open sets in R*. So this is a topological
atlas. To check smoothness of the transition maps, simply observe that a map is smooth if
and only if its coordinate functions are smooth, and this remains true after restricting to
coordinate planes. O

4One can (and should) also check that in the proof of Proposition 12.2, if F(z,0) = , then A(z,0) =,
so that our previous choice is not messed up.

Lee’s book talks about something he calls “immersed submanifolds.” We will not do that. Our definition
is equivalent to Lee’s definition of an “embedded submanifold,” as we will show.
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Definition/Lemma 13.4. Let S ¢ M be a submanifold. The induced smooth structure
defined by <75 above depends only on the smooth structure of M.

Proof. We have to show that if &7 and &/’ are two equivalent atlases on M, then @75 and
a/¢ are both equivalent. But then &/ u &/’ is an atlas, so by the previous proposition, the
restriction (&' u@/’)y = A5 U ) is also an atlas. We have shown that &5 and &7 are
equivalent atlases, i.e. define the same smooth structure. 0

Proposition 13.5. (a) Let F': M — N. Then the restricted map F|g:S — N is smooth.
(b) Let F : N - M with F(N) c S. Then F is smooth if and only if the induced map
F:N - S is smooth

Proof. Since smoothness can be checked in any chart, both statements can be checked in
adapted charts, where they are obvious. O

Proposition 13.6. Let F : N - M be an embedding. Then S = F(N) is a submanifold of
M and F: N - S is a diffeomorphism. Conversely, for a submanifold S, the inclusion map
S — M is an embedding.

Proof. Let S = F(N). The map F induces a homeomorphism from N to S by assumption.
Proposition 11.2 shows that there exists a slice chart through every point, so S is a sub-
manifold. In the same slice chart, the inverse map is simply given by the identity, which is
smooth.

The second statement is only claiming that the differential is injective; this is again obvious
in a slice chart. 0

Corollary 13.7. Every submanifold is the image of a unique embedding up to diffeomor-
phism. ILe., if S ¢ M is a submanifold and there exist two embeddings Fy : Ny - M and
Fy: Ny - M with F;(N;) =S fori=1,2, then Ny is diffeomorphic to Ns.

Proof. We are given a diagram of maps:

Ny

N\
/

Ny

S < M.

We have just shown that these arrows are smooth, and are in fact diffeomorphisms. So we
can fill in the vertical arrow by a unique diffeomorphism. O

Remark 13.8. This result can be compared with Theorem 12.10 from last time.

13.2. The fibers of a submersion are submanifolds.

Definition 13.9. A submanifold S c M is properly embedded if it is also a closed subset.
(This is true iff the inclusion embedding ¢ : S — M is a proper map, hence the terminology.)
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Example 13.10. o If S c M is itself compact, then since M is Hausdorft, it is auto-
matically properly embedded.

e On your homework you are tasked with writing down the embedding of the Mobius
strip in R3 that was drawn on the first day of class and again today. This is *not* a
proper embedding, as one sees by considering the (missing) boundary of the strip.

Theorem 13.11. Let F : M - N be a submersion. For each q € N, the fiber F~1(q) is a
properly embedded submanifold of M. If F' is a proper map then F~1(q) is compact. The
same 1s true for constant rank maps.

Proof. The fibers are closed since F' is continuous. It remains to construct slice charts.
Given ¢ € N and p € F~!(q), we may work in a charts centered at p and ¢. By Proposition
12.2/Theorem 12.11, there exists a chart on M near p such that F takes the form

F(zt,. o a™ gyt y™) = (2t a™).
We have
F1(q)=F7(0,...,0) ={(0,...,0,5,...,y™™)}.

so this is a slice chart, as desired. (Note that the same chart works as a slice chart for fibers
over nearby points in N.) O

Example 13.12. Let
F:R™ {0} >R,
v rff =12
We have
dF,(v) =2x-v.

For x # 0, this is surjective onto TR = R, so a submersion. The level set is the sphere of
radius \/c:
-1 _ Qn
F*(c)=S Ve

So, finally, we can show that the sphere is a smooth manifold with only one line of calculation.

13.3. The tangent space to a submanifold. Given a submanifold S ¢ M and p € .5, since
the inclusion map ¢: S — M is an embedding, it induces an injective map du, : 1,5 = T, M.
As with any injective map, it makes sense to identify 7,5 with its image inside T),M, as we
shall do.

Proposition 13.13. The tangent space T,S c T,M is characterized by:

1.veTl,S < wv=17(0) for some smooth path v : (—e,e) - M whose image is
contained entirely within S.

2. v e T, if and only if for any neighborhood p € U c M and function f e C(U) which
vanishes identically on S nU, we have df (v) = 0.
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3. Suppose that S = F~1(q) is a fiber of a submersion. Then T,S = ker dF,. In particular,
we have an exact sequence of vector spaces

dip dF),
0— TpS - TpM - Tp(p)N - 0.

Proof. These are each obvious in a slice chart. O

Here is another one for later (used by most of you without proof on HW 4):

Proposition 13.14. A smooth vector field on M such that X, c T,S for all p € S restricts
to a smooth vector field on S.

Proof. That the restriction defines a tangent vector on S follows by the last proposition.
Smoothness can be checked in any slice chart, as usual. 0

14. JACOBIAN CRITERIA (FRI 10/4-MoN 10/7)

In this section we will go over the methods that we currently have to construct submani-
folds and add a few in the process. We begin by reformulating the definition of submanifold
in the way it is used in practice.

Definition/Lemma 14.1. Let M be a manifold of dimension m, S ¢ M a subset, and
U c M an open set. A collection f1,..., f7" e C>®(U) are called (local) defining functions
for S on U if

o SNU ={fi(z)=c'Vi}, for some constants c',... ™"

e [or each pe SnU, the (m-n) xn Jacobian matrix
aft
ozl |,

has full rank m —n. Here 27 are any coordinates at p.

Then S s a submanifold of M if and only if there exist defining functions for S near each
point p € S. This is called the Jacobian criterion for a submanifold.
In the case that S c U, these are called global defining functions.

Proof. One can complete the collection of defining functions at p to a slice chart in which
yt = fifor ¢ = 1,...,m —n. This can either be proven directly using the inverse function
theorem as usual, or one can define a map ¢ : U - R™™" by

O(z) = (fl(x), .. ,fm_"(x))

The Jacobian criterion just says that d®, is surjective, so the existence of the remaining
coordinates follows from Proposition 12.2 (with z and y reversed). O
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We will now list four methods to construct submanifolds.

1) Write down a map F': N - M and show that it is a homeomorphism with injective
differential (i.e. an embedding). For instance, we did this in Example 11.1 to produce an
embedding 72 - R3. You have an embedding RPP? - R* on your homework.

2) Write down a collection of local or global defining functions and check the Jacobian
criterion.

Example 14.2. Let M = R3 and define
PryPrs=1
5- { / }
r+y+2=0

3x2 3y? 322
1 1 1)

The Jacobian matrix is

The determinant of the first 2x2 minor is 3x%-3y?2. This vanishes iff z = +y. The determinant
of the first and last one is 322 — 322. This vanishes iff z = +z. So the Jacobian criterion fails
where y = +x and z = +x. But then the second equation reads

rxx+x=0,

whose only solution is 2 = 0. Then also y = z = 0. Since the point (0,0,0) does not lie on S,
the Jacobian criterion is satisfied and S is a 1-dimensional submanifold of R3.

3) Here is yet another formulation of the Jacobian criterion.

Definition/Lemma 14.3. Let F : M — N be a smooth map. A point q € N is called a
regular value of F' if dF, is surjective for all p € F~'(q). In this case, if S = F~1(q) is
nonempty, then it is a properly embedded submanifold of M of codimension n = dim(N').

Proof. The closedness follows because {¢} c N is a closed subset and F' is continuous. The
fact that S is a submanifold was proven verbatim in Theorem 13.11 above. 0

Notice that 2) is just 3) in the case that N = R" and the defining functions are global.

Example 14.4. A submersion is precisely a map for which every ¢ € F(M) c N (which is
an open subset) is a regular value.

Example 14.5 (The sphere, again). The map in Example 13.12 is also smooth at the origin,
so goes from R™! — R. All values are regular except ¢ = 0. The fibers over R, are spheres,
and the fibers over R_ are empty, but the fiber over ¢ = 0 is a point, which fails to be a
submanifold of codimension one (hypersurface).

Example 14.6. Let M =R2. For A € R, consider the polynomial f\(z,y) = y?—z(x-1)(z-)),
and let

S)\ = {f,\(:zc,y) = 0} C RQ.

You will check on homework that this is smooth for A # 0,1. In class we drew a picture of
this curve for different values of A. For A > 0, it is the union of an S' component passing
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through (0,0) and (1,0) and a noncompact component passing through (A,0). As A - 1,
this degenerates into the curve S; defined by

y? = x(r-1)2
which has a singular point at (1,0). In fact, S; is the image of the immersion

te (12,12 - 1).
For 0 < A< 1 and A <0, S, is the union of an S' component through (0,0) and (A,0) and a
noncompact component through (1,0). The subset Sy defined by

y* = a*(z-1)

is the union of a noncompact component through (1,0) and a single point at (0,0), so is not
even the image of an immersion (over the real numbers).

The Jacobian criterion also works over C. We can prove the case of a single holo-
morphic defining function now; the case of several functions requires a bit more discussion
as done for instance in a class on complex manifolds.

Definition/Lemma 14.7. Suppose f : C* — C is continuous and holomorphic in each
variable. Fix ¢ € C and let S = f~'(c). Suppose that for each p € S, % + 0 for some
je{l,...,n}. Then S is a submanifold of C™ of real codimension two, called a complex

hypersurface.

Proof. We identify C* with R?? by writing the coordinate functions as z7 = aJ + iyJ, for

j=1,...,n. By assumption, for some j, we have
Oia_f:hmf(zl,...,zj+t,...,z”)—f(zl,...,z”)'
0 it t

We argue as in the proof of the Cauchy-Riemann equations. Since this limit exists for t € R,
we can take the limit along the real axis to obtain

of _of
02 Ox
Since the limit also exists for t € iR, we also have
af  .of
SO % = i% and both are nonzero. Hence, viewed as vectors in R? = C (where i acts by a

7/2 rotation), they are linearly independent. O

Example 14.8. In the previous example, we could have taken M = C? and considered fy
as a polynomial over C. The Jacobian criterion is still true for A # 0,1, so we obtain a
codimension-two submanifold of C2, i.e., a surface. This is called an elliptic curve.

4) Continuing in the algebraic-geometry vein, I'll show you how easy it is to construct smooth
hypersurfaces in KP". Let

F(XY,...,X™Y
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be a homogeneous polynomial of degree d in n + 1 variables, and put
S={[X"...,. X" e KP"| F(X',...,X"") =0} c KP".
Notice that this is well-defined due to the homogeneity of F': if F(X1!,..., X?1) =0 then
FOXY, o AX™) = MP(X . X" = 0.
We first need a lemma:

Lemma 14.9 (Euler’s formula). For a homogeneous polynomial of degree d, we have the

identity
n+l aF
X'—(X)=d-F(X).
> X () =d-F(X)

Proof. It suffices to check the formula on a monomial (X1)d ... (X"+1)%  For each 4, we
have

0 d d
Xt (X1 di,.. (xn+l n+l dz X, (xntl ntl )
e (X (X) () ()
Since Y. d; = d, we get the formula. O
Proposition 14.10. Suppose that for each p € S, there exists i€ {1,...,n+1} such that
or
| #0.
X',

Then S is a compact hypersurface in KP", i.e. a submanifold of codimension 1 or 2 if K =R
or C, respectively.

Proof. Let U; be the standard charts. On U;, take the defining function

filxt, .o 2t ™Y = P2t 1 ),

which vanishes exactly on U; n'S. To check the Jacobian criterion, note that since 7 = X7

X’L
for j #1, we have
of _or
ol 0XJI'
If any of these are nonvanishing at p, we are done. On the other hand, if all of them vanish,
by Euler’s formula, we have

. OF
0=F(x1,...,1,...,x"+1)=Zx7 (?E)Xj

J#i

OF

. _OF
. OX

,  O0X

p
so the last one also vanishes. But this contradicts our assumption that all the partials do
not vanish simultaneously on S. U

Example 14.11. We return to Example 14.6 yet again. We described in Example 14.8 how
to extend the ambient domain from R? to C? to obtain a surface. We can extend further to
CIP? just by writing down the homogeneous polynomial

XY, 2)=2Y?- X (X -2)(X -)\Z).

We have F)\(z,y,1) = fi(x,y), so the zero locus of F) agrees with S, when restricted to
the standard coordinate chart. You’ll check on homework that F) satisfies the Jacobian
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criterion, so defines a smooth curve in CIP2. This curve is now compact, since it is a closed
subset of a compact space. We have compactified the affine curve to a projective curve.

More generally, one can compactify a curve in C? by defining the homogeneous polynomial
F(X,Y,Z) =Z%f(%,%). This may or may not satisfy the Jacobian criterion on the line at
infinity {[X,Y,0]}. If it does, one obtains a smooth closed surface. A little bit more work is
required to show that this surface is orientable.

Meanwhile, we know that compact surfaces are classified by genus. A very interesting
(classical) question is: given a homogeneous polynomial of degree d satisfying the Jacobian
criterion, what is the genus of the resulting curve in CPP2? The answer turns out to be:

_(@d-1)(d-2)
2

Although it will be possible to prove this with the tools of Math 761, the result belongs more
properly to a course on Riemann surfaces.

15. THE EMBEDDING PROBLEM (MoON 10/7)
Today we will discuss the following classical

Question. Which manifolds are diffeomorphic to submanifolds of R¥, for some (possibly
large) N7

Answer. All of them.

We will prove the compact case and state a more precise general result (known as the
Whitney embedding theorem) at the end of the section.

The embedding theorem itself is much less important and interesting than the idea of
the proof, which relies on Sard’s theorem. That is a cornerstone of the field of differential
topology. However, this really requires a course of its own. Since we are instead headed
towards differential geometry next semester, it probably makes more sense to prioritize other
topics.

From the geometric point of view, it definitely is interesting to see some more explicit
examples of embeddings. We can also give a nifty application (Theorem 15.3) which does
not follow from the abstract embedding theorem.

As of now, we know how to embed S™ (obviously), 72 (Example 11.8), higher-genus
orientable surfaces (by making a drawing), and RP? (on homework) in Euclidean space.
In class we looked at the immersed Klein bottle in R3 and convinced ourselves that just
by adding a dimension we could easily make it an embedding. Let’s see if we can also do
projective spaces and Grassmannians.

Example 15.1. Define F': KP? - K(+1)? by

Xin n+1
[Xl,...,XnJrl] d (W)

ij=1
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This map is well-defined and smooth by Corollary 12.8. To see that it’s injective, let X and
Y with |X|=|Y|=1 and assume that F'(X) = F(Y"). We then have

XX =YY
for all 7, 5. Considering the case i = j, we have
|X’L|2 — |Yz|2

for each i. Now, choose any ;7 such that X7 # 0, and divide the above equation by this one,
to obtain

X Y
X'——=Y"'—
RN 1k
Xt y!
Xi oy
Letting A = )é—j, this translates to
Xi=)\Y"

for all i. So [X] = [Y], as desired. Since KP" is compact, F' is a homeomorphism onto
its image. One can check that the differential is injective using a slightly longer calculation
than the above. However, we will instead generalize this construction to Grassmannians and
check it there.
Notice that the image of this map actually lies in the unit sphere inside K (*1*  because
XiX7(X1X7) | X 2| X2
F X 2 = = =
FOOP = 2=k X7
Example 15.2. We will show that the Grassmannian Grj(K™) also embeds into K (®+D?*,
Given a plane X € Gry(K™), we can define the orthogonal projection:
Pyx:K'"-> X
k

v Y (v,6) €,

i=1

Z’?j

where {e;} is any orthonormal basis for X. This is the unique linear endomorphism of K™
which satisfies

(15.1) Pi=Px, Pi=Px, ImPy=X.
So we can define the required map by sending
X~ Px,

which is injective. We will now argue that this is an embedding.

Suppose that the plane X is spanned by an n x k matrix of full rank, which we also call
X (although this matrix is not unique). If the columns of X are orthonormal, then we have
the standard formula Px = X X*. The following formula works for any matrix with linearly
independent columns:

Py =X (X*X) ' X*.
The matrices in the product are of dimensions n x k, k x k, and k x n, respectively, so the
product is n x n. It is easy to check that this satisfies the requirements (15.1).
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Now let Xy be an arbitrary point in the Grassmannian. We can choose a standard coor-
dinate chart U with ) = Xy and P = X, per Example 4.6. A point X € U is represented by

a matrix
1
x=(3)

where A € Mautﬁ?_kwc is arbitrary. We have

1
Xo- (0) |
From the above formula, we have

b (1+A*A)"  (1+A*A)" A
TlA@+ A AT A+ AA) T A

Since 1+ A*A is positive-definite, it is invertible, so the expression makes sense on U and
gives a smooth function. The derivative at X is simply

i 2)=(y %)

which is injective. An inverse map is given by the restriction to Im F' of the map

B C 1
(d
D FE DB}’
which is smooth on an open set containing the image. We conclude that F'is an embedding.

Theorem 15.3. The Grassmannian Grp(K™) is compact.

Proof. We have demonstrated that Gri(K™) is homeomorphic to the set of orthogonal pro-
jection operators on K™ of rank k. Notice that the rank of a projection operator is simply
the trace. So this subset is defined by the three conditions

(15.2) pP?=p, P*=P, TrP=k

These are each polynomial (or linear) in the matrix entries, so define closed subsets of Mat7*,

whose intersection is again closed.
Note that the set of such P is also bounded, because

|P2=Tr PP*=Tr P2 =Tt P = k.

Therefore it is contained in the sphere of radius vk inside Mat’>* (compare with the last
example!). By Heine-Borel, the set defined by (15.2) is compact; so is Grg(K™). O

We did not discuss the next result in class due to lack of time, but we include it here
because the proof is so simple. (It might be called the very weak Whitney embedding
theorem.)

Proposition 15.4. Given a compact manifold M, there exists N € N such that M can be
embedded in RN .
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Proof. Cover M with L regular coordinate balls B;, such that B; c B! and the chart ¢; maps
from B! to R™. Let p; be a smooth bump function for B; c B!. Define

F(p) = (p1o1(p),-- - prer(p), pr(p),- -, pL(p)) -
This is injective: if F'(p) = F'(q) then for p € B;, we have 1 = p;(p) = p;(q). This implies that
p,q € B}, so we must have ¢;(p) = ¢;(q). But ¢; is injective on B/, so p =g.
To see that F' is an immersion, let p € B;. Then (dy;), is injective, and since this is a
component of dF),, the latter is also injective.
Since M is compact, we have a homeomorphism onto F(M) c RE(M+), O

Theorem 15.5 (Whitney embedding/immersion). A smooth manifold of dimension n can
be embedded in R?" and immersed in R?"1,

Proof. The proof of the same statement with 2n + 1 in place of 2n, sometimes called the
“weak” version, is in Lee. The strong version requires another trick discovered by Whitney.
All of these results start from the embedding of the previous proposition (or the version for
manifolds with boundary) and proceed by playing with it to reduce the ambient dimension.

O
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Part 4. Vector fields
16. VECTOR FIELDS, DERIVATIONS, AND THE LIE BRACKET (WED 10/09)

16.1. Equivalent definitions of smoothness.

Definition 16.1. Let m: T — X be any map of sets. Let U c X be a subset. A section of
m over U is a map o : U - X such that m oo =Idy. In other words,

o(x) e ()

for all x € U.

If T"and X are topological spaces, resp. smooth manifolds, then we will assume that m
is continuous, resp. smooth, and the set U is open. Then we can talk about continuous or
smooth sections over U.

Recall that we defined the tangent bundle
TM =gy T M

as a set, and used the smooth manifold chart lemma to give it a topological and smooth
structure. This was defined by the charts

BPo 1 W (Uy) = Uy x R”

which were defined by

(:L‘7U) = (9006(‘7")7 (Ula e ’Un))’
where v = Y, v Zi in the coordinates defined by .. Here 7 : T'M — M is the projection map
taking all of T, M to x.

Definition 16.2. A rough vector field over U is just a set-theoretic section X : U - TM|,, .
A smooth vector field is a smooth section. We let 2" (U) denote the vector space of smooth
vector fields over U.

Note that a rough vector field X defines a map
X :C*(U) - Fun(U,R)

(16-) X)) = X,(f)

This is a derivation, meaning that

X(fg)=X(f)g+ fX(g)

where the equality is in the sense of functions, i.e., it holds for every p e U.

Proposition 16.3. Let X be a rough vector field over U. The following are equivalent:
1. X is smooth (i.e. X € Z'(U)).

2. In any coordinate chart V- meeting U, we have

, 0
X|Uﬁv = ZXl(x)axZ7

where the component functions X*(z) are smooth on UnV.
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3. The image of the map (16.1) lies in C=(U) c Fun(U,R), i.e., X is a deriation on
the ring C>(U).

Proof. Ttems (1) and (2) are equivalent by the definition of the smooth structure on M.

That (1-2) imply (3) is also clear by the local expression.

To go from (3) to (2), define the smooth functions Xi(z) = X (z*). Note that f —» X (f)(p)
is a derivation at p. We showed on homework that every derivation at p is a sum of partials;
in particular, X(f)(p) = ¥ X(p) g;- » at each point p € U. Since the two are equal at each
point, they are equal on functions. 0

Corollary 16.4. Every smooth derivation X : C*°(U) - C*(U) corresponds to a smooth
vector field.

Proof. Given a derivation X, one obtains a rough vector field by letting X, (f) = X(f)(p),
which is a derivation at p by definition. Then apply the previous proposition. 0

16.2. Algebraic digression. Let R be a commutative algebra over a field K. Throughout

this section, X, Y, and Z will denote three arbitrary derivations on R, i.e. K-linear endomor-

phisms satisfying the Leibniz rule. We will later go back to the case of vector fields acting by

derivations on R = C*°(U), but it is useful to prove a few statements without this baggage.
Define the commutator bracket

[X,)Y]=XY-YX,

meaning, the endomorphism whose value on f € R is given by [X,Y](f) = X(Y(f)) -
Y(X(f))-

Lemma 16.5. [X,Y] is again a derivation.

Proof. K-linearity is obvious. To check the Leibniz rule, for f,g € R, we calculate
[X,Y](fg9) = X(Y(f))g+ X ()Y (9) + X(9)Y (f) + f[X(Y(9))
~Y(X(f)g-Y()X(9)-Y(9)X(f) - [Y(X(g))-
The cross-terms cancel, and we are left with
(X, Y](f9) =X, Y](f)g+ [[X.Y](9),
as claimed. 0

The following Lemma does not require X, Y, Z to be derivations, but holds for any endo-
morphisms (or more generally, elements of an associative algebra).

Lemma 16.6. The commutator bracket satisfies
o [X,Y]=-[Y,X] (antisymmetry)

o (X, [V Z]]+[Y,[Z,X]]+[Z,[X,Y]] =0 (Jacobi identity).
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Proof. The antisymmetry is obvious from the definition. To prove the Jacobi identity, we
calculate:

LHS=XYZ-XZY -YZX+7ZYX
(16.2) +YZX-Z2YX-ZXY+YXZ
+ZXY -YXZ-XYZ+XZY.

The terms cancel in pairs. O

Remark 16.7. We will reinterpret the Jacobi identity at least once below, perhaps making
it seem less like an algebraic coincidence.

Definition 16.8. A Lie algebra is a vector space V together with a binary operation
[-,—]:V xV - V which is bilinear, antisymmetric, and satisfies the Jacobi identity.

Example 16.9. We have shown that any associative algebra over K, equipped with the
commutator bracket, is a Lie algebra. In particular, the algebra of endomorphisms on any
vector space (under composition, which is associative) is a Lie algebra.’ Finally, we have
shown that the space of derivations on a commutative algebra forms a Lie subalgebra of the
space of all endomorphisms of the underlying vector space.

Definition 16.10. A derivation on a Lie algebra V' is an endomorphism D : V — V that
satisfies

DY, Z]=[DY,Z]+[Y,DZ]
forall Y, Z e V.

Lemma 16.11. Let X € V be an element of a Lie algebra. Define the endomorphism
Dx:V >V by

DxY =[X,Y].
Then Dx is a derivation.

Proof. Rearranging the second a third terms of the Jacobi identity using antisymmetry of
the bracket, we have

(16.3) (X, [V, Z]] = [[X, Y], Z] + [Y,[ X, Z]].
This is precisely the statement that Dx is a derivation on the Lie algebra V. U

Remark 16.12. This gives perhaps a more satisfying formulation to the Jacobi identity. It
also suggests that the bracket [X,—] represents some sort of derivative. Later we will see
this geometrically in the case of vector fields.

SIn fact, it is a theorem (Ado’s Theorem) that every finite-dimensional Lie algebra over K arises in this
way.
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16.3. The Lie bracket of vector fields. We showed above that smooth vector fields X ¢
2 (U) are equivalent to derivations on C*(U). By Lemma 16.5, we may make the following
definition:

Definition 16.13. The Lie bracket of two smooth vector fields X,Y € 27 (U) is the deriva-
tion [X,Y] e 2 (U). This acts on a smooth function f e C~(U) by

(X Y](f) =X () - Y(X(f))-
Working in a local coordinate system {z*}?,, we have X = X5
functions X%(x) and Y?(z) (the local components). The Lie bracket is then glven by

-l

oY af .. 02
— X iyJ
z} oz ad 0710
OXIOf . 2f
_ J _J _ (A}
Y Oxi Oxt Y Oxioxrt

Since partials commute, the last terms cancel. If we switch the indices 7 and 7 on the first
term, factor out %, and ignore f, we can write

)& 0X1\ 0
z: j j
(XY= (X dz7 oY dz7 ) ozt

The #’th component of [X,Y] is given by

| ayi  9xi
? ] Vi
(X, Y] = 2 (X vt )

:X(YZ) _y(X).

Example 16.14. Let X = afjl and Y = 5° o
commute, or by the above formula with X?=¢§%; and Y = ¢,

(16.4)

be coordinate vector fields. Since partials
we see that [X,Y]=0.
Example 16.15. Suppose M = R” and consider the vector field with components X = 27 :
-0
X = f—
Zi: ¥ oxi

This is called the radial vector field or sometimes the Euler vector field for reasons we’ll
see shortly.

J2o

Let Yi(x),i=1,...,n, be a collection of homogeneous polynomials of the same degree, d,
and take Y = ¥ Y(2)-2. We then have
oY
X, Y J - Y765
[ Zx oxd
— Z x] aYZ i
oxi

By Euler’s formula, Lemma 14.9, we have

[X,Y]=(d-1)Y.
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We will explain this result later based on the fact that X is the generator of homothetic
rescaling on R™.

17. VECTOR FIELDS TANGENT TO SUBMANIFOLDS, F-RELATED VECTOR FIELDS (FRI
10/11)

17.1. Vector fields tangent to submanifolds.

Definition 17.1. Let S ¢ M be a submanifold. A vector field X on M is tangent to S if
Xp,eT,ScT,Mforallpes§.

Proposition 17.2. TFAE:
1. X s tangent to S

2. X annihilates any collection of defining functions on S, i.e., if f1,..., f** are defin-
ing functions then X(f%)|g=0 fori=1,... k.

3. For any function f that is constant on S, X(f)|g=0.

Proof. Given a set of defining functions, we can choose a slice chart {x!,... 2% y* ... y**}
such that y* = fi fori=1,...,n— k. Writing
k ) a n—k ) a
x=-SxL xti L
Z; or’ ]; OyJ

we have X tangent to S if and only if X¥+Ji(z! ... 2% 0,...,0)=0for j=1,...,n-k.

To see (1) <= (2), note that X(y/) = X**J, so these vanish on S if and only if X is
tangent to .S.

(3) = (2) is clear. So see (1) = (3), note that if f is constant on S then ng, =0 on S for
i=1,..., k. Since also X**J =0 on S, we have X(f) =0 on S, as claimed. O
Corollary 17.3. Suppose X and Y are both tangent to S. Then [X,Y] is also tangent to
S, and

[X,Y]|S = [X|S7Y|S]'

Proof. By (3) of the previous Lemma, we have Y (f) = X(f) =0 on S if f is constant on S.
In particular, these are constant, so we also have X(Y(f)) = Y(X(f)) =0 on S. Therefore
[X,Y]f=0o0n S, soagain by (3), [X,Y] is tangent to S.

To see that the Lie bracket on S is the restriction of the Lie bracket on M, we calculate
in a slice chart as before. For 1 <i <k, the i’th component of [ X, Y] is given by

; oY 0X?
? J J
(X, Y] ‘ Z (X oI -Y oz’ )

]_

k (9YZ aX ¢
Z ( ori 3x7 )

]:

= [X|svy|s]
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0

Example 17.4. To check that a vector field on R” is tangent to S™!, intuitively, we should
check that it is orthogonal to the radial vector field. Let’s prove that this is correct. A
defining function for S™ is

z[? = > (a")* = 1.

By the previous Lemma, a vector field X is tangent to S™~! if and only if it annihilates the
defining function. We have:

X(lzP)=2> X(a')2’ =2 X'a" =2(X,z).
So indeed X is tangent iff it is orthogonal to the radial vector field z.
Example 17.5. Let M = R?". Define the vector field

.0
2i—1
X Z ( 81'27’ - ain ) '

We claim that this restricts to a nowhere-vanishing vector field on S?7~1. First we must check
that it is tangent:

2121 2i-1 _ 21 lez =0.

It vanishes nowhere on S™ because the same is true of X on R”, by examining its coefficients.

Note that if we include R?" c R?"*! and use the same expression to define a vector field,
we obtain one that vanishes only on the z?"*1-axis, so only at two points of S™. This is the
one you may have used on your homework. (We will see shortly that these indeed descend
to projective space).

Example 17.6. Consider the following three vector fields on S? c R3:

0 0 0 0 0 0
Xzz—-gy—. Yeg—-2— Z=¢y—-g—.
Z@y 0z’ Y9: “or Y ou mf)y
You will show on homework that these satisfy
[X,)Y]=2Z

plus cyclic permutations. By Corollary 17.3, you can work on R3, so this is just a simple
calculation. The closure under taking brackets implies that X, Y, and Z span a 3-dimensional
Lie subalgebra of 27(5?). Later we will understand why this is the case.

17.2. F-related vector fields. Recall that we can push forward a tangent vector by a
smooth map F, either by post-composing paths with F (in 7. §4)M ) or at the level of deriva-
tions (in Tf)M):
diy(v): f = o(foF).

Note that we cannot in general push forward an entire vector field, for the obvious reason
that if p,p’ € F~1(q) then we may have dF,(X,) # dF,,(X,/), in which case the pushforward of
X would simply not be well-defined. (There is also the question of smoothness...see below.)
Rather, we will work with the following notion.
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Definition 17.7. Let F': M — N be smooth, X € Z'(M),Y ¢ Z(N). We say that X and
Y are F-related if whenever ¢ = F'(p), we have

dFp(Xp) =Y.

Example 17.8. Given a submanifold S c M, let + denote the inclusion map, which is an
embedding. Supposing that X is tangent to S, the vector fields X |4 and X are t-related.

We will now generalize Corollary 17.3 to the situation of general F-related vector fields.

Lemma 17.9. Two vector fields X and Y are F-related if and only if for all f € C=(U),
U c N, we have

X(foF)=Y(f)oF.
Proof. Given p e M, we have
LHS(p) = Xp(f o F) = dFy(Xp)(f).
RHS(p) = (Y (/) (F(p)) = Yrep)(f).
These are equal for all f if and only if dF},(X,) = Yp(, for all p e M. O

Proposition 17.10. Suppose X1 and Xy are F-related to Yy and Y, respectively. Then
[ X1, X2] is F-related to [Y1,Ys].

Proof. Applying the Lemma twice, we have
Xi(Xao(fo F)) =Xi(Ya(f) o F) =Yi(Ya([)) o
Similarly, Xo(X;1(f o F)) = Yi(Ya(f)) o F. Subtracting, we get
[X1, Xo] (f o F) = ([Y1,Y2] (f)) o F.

Since f was arbitrary, the other direction of the Lemma implies the claim. OJ

18. DESCENT OF VECTOR FIELDS, QUOTIENT MANIFOLDS (FRrI 10/11)

We will now describe a few situations where you can safely push forward a vector field.
This can be handy for constructing vector fields on quotient manifolds.

Proposition 18.1 (Smooth descent by submersions). Suppose that F': M — N is a surjec-
tive’ submersion. If X € Z (M) is such that dF,(X,) is constant on fibers (i.e. for all q € N,
dF,(X,) = dFy(Xy) for all p e F~1(q)), then there exists Y € &' (N) (the “pushforward”)
that is F'-related to X.

If F is not surjective, one can simply replace N by the image of M, which is an open subset because
submersions are open maps.
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Proof. We can define a rough vector field Y on N by
Yy = dF,(Xp)

for any p € F~1(q); this is well-defined by assumption. We can then check smoothness in any
coordinate chart. Since F'is a submersion, there exist charts centered at p and ¢ such that
F" takes the form

F(zt, . a™ gyt g™ = (2t a™).
By definition, for 1 <7 <n, we have
Yi(zh, ... 2™) = X' (2, ..., 2",0,...,0),
which is smooth by assumption. ([l

Corollary 18.2. One can always push forward a vector field by a diffeomorphism. In par-
ticular, the pushforward F, X of X is given by

(18.1) (F.X), = dFpor () (Xp1(q))-

Proof. Since F is a diffeomorphism, it is a submersion, and the well-definedness is automatic
since there is only one point in each fiber. The formula is gotten by taking p = F~1(g) in the
definition of F-relatedness. ([l

We now combine the previous two results into the form in which they are most commonly
used. It is convenient to make the following definition now; we will only discuss it more
thoroughly later on.

Definition 18.3. Suppose that a group G acts by diffeomorphisms on a smooth manifold,
M. We say that N is the quotient manifold of M by G, and write N = M /G, if there
exists a surjective submersion F': M — N such that the fibers of F' are equal to the orbits
of G, and in the diagram

M

AN

M|G —— N,

the bottom map is a homeomorphism.

Remark 18.4. A few comments on the previous definition.

e The condition that the fibers of F' are equal to the orbits of G is really two condi-
tions: that G preserves the fibers (i.e. F(gz) = F(x) for all z € M, g € G) and acts
transitively on them (i.e. Gz = F-1(F(z)) for all x € M).

e It follows by Theorem 12.10, already proven above, that N is unique up to diffeo-
morphism, if it exists.

e Later, we plan to give some fairly general conditions on the group action guaranteeing
the existence of a smooth quotient manifold V. You have already shown on homework
that if the action is properly discontinuous then M /G has a smooth structure.
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Proposition 18.5. Let N = M /G be a quotient manifold as above, with F': M — N the
(smooth) quotient projection. Suppose that X is a G-invariant vector field, i.e., g.X = X for
all g € G. Then X descends to a smooth vector field Y on the quotient that is F-related to
X.

Proof. Since in the definition of quotient manifold we assume that F' is a surjective sub-
mersion, it remains only to check the well-definedness. Let p,p’ € F~1(q). Since G acts
transitively on fibers, we have p’ = g(p) for some g € G. Since X is G-invariant, we have

Xp = Xg@p) = dgp(Xp)-

Since g preserves fibers, the diagram

M— M

N

N

commutes. We therefore have
dFy, = dFyp) o dgp.
Applying dF}, to the previous, we get
de’(Xp’) = de’(dgp(Xp)) = de(Xp)v
as desired. O

We'll now describe two ways to use this proposition to write down vector fields on RP™.
Example 18.6. Think of RP" = 57/ + 1. Given a vector field X on R™*! that is tangent to
S™ and all of whose coefficients are odd, i.e.

X'(-z) = -X"(),
we claim that X descends to a vector field on RP". Let « : x - —x be the antipodal map on
R+ whose differential is
da =-Id
at all points. By formula (18.1), we have
(X)), =da_, (X_;)

- _ZXi(_“’)aii

=X,

since the coefficients are odd functions. Since X is invariant under the antipodal map, it
descends.

This construction has the advantage that since the projection is a local diffeomorphism,
the projected vector field vanishes at [p] if and only if X vanishes at p.

Example 18.7. Think of RP" = R"*! \ {0}/R*, where R* = R\ {0} acts by scalar multipli-
cation. Given a vector field X on R™*! all of whose coefficients are linear, i.e. homogeneous
of order one, we claim that X descends to a vector field on RP". (Note that X does not need
to be tangent to S™.)
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Let ay : x = Ax denote scalar multiplication. We have
day = Ald
at all points. By (18.1), we have
((ax)X), = d(ar)r1 (Xx-12)

, 0
_ i1
=A>X'(A $)8a:i
=X,

since the coefficients are linear functions. Hence X descends.
This construction has the advantage that it works over C and gives holomorphic vector
fields on CIP". That discussion is for another class, however.

19. INTEGRAL CURVES AND FLOWS (MoON 10/14)

19.1. Integral curves. Recall that a tangent vector at p is equivalent to the derivative of
a path through p. Today we will describe the relationship between vector fields and paths.

Definition 19.1. Let X € Z°(M). Let J c R be an open interval. A path v:J - M is said
to be an integral curve of X if

v () = Xy

for all ¢ € J.
In a coordinate chart where v(t) = (z!(t),...,2"(¢))7 and X = ¥, X2, we have 7/(t) =
% 8?0“ so the condition that ~ is an integral curve amounts to
1
X))
(19.1) :
dzt = X"(2'(t),...,2"(1)).
dt Y

This is a system of ordinary differential equations in n variables. We have the following
classical result:

Theorem 19.2 (Picard’s local existence and uniqueness theorem). Let U c R be an open
set, and suppose given a set of smooth functions X1',..., X™ on U. Given p € U, there exists
£>0andV > p such that for all g € V, there exists a unique solution ,(t) = (z1(t),...,az"(t))
of (19.1) with v(0) = q and ,(t) € U for t € (—¢,£). Moreover, v,(t) € U depends smoothly
on (q,t) € V x (-¢,¢).

Proof. If you haven’t seen this result before, have a look at Lee, Appendix C. The theorem
is proved by converting (19.1) to an integral equation and setting up a contraction mapping
problem, similar to what we did to prove the Inverse Function Theorem, except in the Banach
spaces C*((-¢,e),R"). O
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The uniqueness in Picard’s theorem is crucial, because it allows us to globalize the result.
In class I stated this as self-evident, here I will put it as a separate corollary.

Corollary 19.3. Let X ¢ Z(M). Given p € M, there exists an open interval I, c R,
containing zero, and unique maximal integral curve v, : I, - M of X with v,(0) = p. In
other words, given any other integral curve 5 : J - M of X with 4(0) = p, we must have
Jc I, and Y(t) = ,(t) forteJ.

Proof. First observe that given any two integral curves v;(t) and 2(t) on I and Iy, respec-
tively, with ~v1(0) = 72(0) = p, we must have 7;(t) = 72(t) on I; n I5. This requires only a
little bit of thought: let J c I, nI5 be the set on which v, = 7,. Looking in a coordinate chart
around p, by the uniqueness in Picard’s theorem, we must have J 3 0, so J is nonempty. It is
also open for the same reason, and closed in ;NI since v, (¢) and ~,(t) are both continuous.
Hence J =11 n L.

This allows us to define 7,(¢) to the “union” of all integral curves through p, which is
maximal by definition. 0

Note that I, and 7, so defined clearly have the following properties:

(19.2) V(1) (8) = Yp(t + 5)
L,y =1, -1

Last, if X and Y are F-related, then F o+, is an integral curve of Y through F(p). This
follows from the chain rule.

By the theorem above, we know that integral curves always exist locally, but it is instruc-
tive to calculate some explicit examples.

Example 19.4. Take M = R". Given any n x n matrix A = (A%;), we can write down a
so-called linear vector field

0
X=) A xl—.
ZZ]: 7 ox?
The corresponding system of ODEs is
dx
oA
at -

and we have

Vp(t) = exp(At) -p
for every p € R*. Thus I, = R for all p and each 7,(t) exists globally. (This is true more
generally for vector fields/ODE systems on R™ with sub-linear growth.)

Example 19.5. For a specific case of the previous example, take

The corresponding vector field is
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The integral curve through (z¢,v0)7 is

0ot o) ()
fye-Cenr 6 e

as required. The integral curve travels around in a circle with constant velocity equal to the
radius.

Example 19.6. On M =R, take X = xza%. The ODE % = 22 can be solved by separation
of variables, giving the integral curves
1

«(t) =
%(t) =
for z # 0, and 7o(¢) = 0. Notice that these are not globally defined, but rather

We have

(—oo,z71) x>0
I, =4R x=0

(z71,00) x<0.

19.2. Flows. We now change our perspective on the above. Let
D = Upenr I, x {p} c R x M.

A union of intervals of this kind, each containing zero, is called a flow domain. We can
define a map

0:9 - M
0:(p) = 1p(t)-

Notice that we have simply changed the order of the variables in the integral curves ~.(-).
The map 6 is called the flow associated to X, and satisfies the group-action-like properties

90 = IdM
and, from (19.2),
95 © Ht = 05+t

wherever the composition is defined. If 2 = R x M, then the transformations #; do form a
globally defined R-action on M, called a one-parameter family of diffeomorphisms. We will
give the general version of this statement below. Conversely, given 6 of this form, X = % 0
is called the infinitesimal generator of the flow 6.

Example 19.7. In Example 19.5 above, we have
(x) (x cost — ysint)
9t = . .
Y xsint +ycost

The flow is simply given by counterclockwise rotation on R? by angle ¢.
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The following summarizes the correspondence between vector fields and flows.

Theorem 19.8 (Fundamental Theorem on Flows). Given X € 2 (M), there exists an open
set 9 ¢ M, containing {0} x M, and a smooth map 0 : P — R x M, such that

(19.3) 90 Rx{p}) = I,
the mazimal interval of definition of v, (see above), and
(19.4) 0:(p) = 7,(t)

for all (t,p) € D. Moreover, letting

(19.5) My=2n({t} xM)c M,
0; defines a diffeomorphism

(19.6) 0,: M, > M_,.

Proof. We take (19.3-19.4) as our definition of . It remains to check that 2 is open, 6 is
smooth on &, and 6, defines a diffeomorphism as in (19.6).

Let W c 2 be the set of all (¢,p) € & for which there exists an interval J c R containing
0 and ¢, and an open neighborhood U 3 p, such that J xU c 2 and 0|, is smooth. Clearly
W is open in R x M. So it suffices to show that W = 9.

Suppose for the sake of contradiction that W ¢ &, and let (tg,pg) € 2 ~ W. First note
that by Picard’s Theorem, {0} x M c W. Assume that o > 0, since the other case is similar.
Without loss of generality, we can assume that t; is the smallest positive value such that
(to,po) € Z ~ W (by openness of W).

Let p = 0;,(po) € M. Again by Picard’s Theorem, there exists V' 3 p and € > 0 such that
the flow 6 is smooth on (-¢,e) x V.

Meanwhile, since (to - 5,po) € W, there exists J,U such that ¢; is smooth on J x U, with
Jc[0,ty-£].

Define Uy = 0,-= (_]1 (V) c U, which is open. On Uj x (0,tp+¢) we can write 6; as a
composition of smooth functions

Ht(p) = 9t7t0+5/2 o 9t075/2 (p)

But this shows that (o, po) € W, which is a contradiction. We conclude that W = 2.

To prove (19.6), note that the image of the map 6, : M, - M must be contained in M_,,
because any trajectory can be flown backwards to its initial point. In fact, 6_; : M_, - M, is
a smooth inverse of #;, so the map is a diffeomorphism. O

Example 19.9. In Example 19.6, where X = .1'2(%, we have
2 ={(t,x)|tx<1}.
For ¢ > 0, this gives

and
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So, according to the theorem, we have a diffeomorphism

() ()

This is a rather interesting diffeomorphism, in that it crunches one side of the interval in
from infinity while stretching the other side out to infinity. The formula is just

0,(x) =

11—tz

20. PROPERTIES OF FLOWS (WED 10/16)

Here we will prove some simple facts about flows that may be needed later.

Proposition 20.1. Let X € Z' (M) andY € Z(N) and suppose that X andY are F-related.
Let 6, and n; be the flows of X and Y, respectively. We have a commutative diagram:

MtL)Nt

bl

M,t L) th
Proof. By the chain rule and F-relatedness, the path ¢ — (F o0 #;) (p) is an integral curve of
Y starting at F'(p). On the other hand, so is n,(F(p)) = (n:o F') (p), so the two must be
equal. This shows both that the image of the top and bottom maps are contained in N; and
N_;, respectively, and that the diagram commutes. 0J

Corollary 20.2. If F': M — M s a diffeomorphism, then the flow of F.X 1is given by
Fof,0F1

Proof. Let n; be the flow of F, X, which is F-related to X by definition. By the previous
proposition, we have

neo F'=Fob,.
Precomposing both sides with F~! yields the result. 0

Definition 20.3. A point p € M is called a regular point of X if X, # 0. If X, =0, p is
called a singular point.

Note that the terminology has nothing to do with smoothness of X, which we always
assume.

Also note that p is a singular point if and only if 6;(p) = p for all t € R, since this is the
unique integral curve through p.

Lemma 20.4. Suppose p is a reqular point of X. There exists a coordinate system {s',... s"}
near p such that X = %. Given any hypersurface S passing through p for which X, ¢ T,S,
we can further choose the coordinates so that S = {s' = 0}.
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Proof. Let U = {x!,...,2"} be a slice chart for S, in which S = {z! = 0}. We may assume
without loss of generality that X does not vanish on U. Define a smooth map from a neigh-
borhood V' of the origin in R™ to U by

O (st ...,8")=0,(0,8%...,5")el.

Since the curves (t,s?,...,s") are sent to integral curves of X, we have
0
i, (55) =

for all p € V. At the origin, for ¢ > 1, we have

0 0
4o (asi) T or

by construction. Since X and {z%};1 are linearly independent at the origin, the inverse
function theorem tells us that & is also a coordinate system. It has the required properties
by construction. 0

We now address the (thorny) question of the domain 2, which may prevent 6; from giving
a globally defined R-action.

Definition 20.5. A vector field X is complete if ¥ =R x M, or equivalently, if I, = R for
all pe M (i.e. every integral curve is complete).

Lemma 20.6. Suppose K ¢ M is compact. There exists € >0 and an open set U > K such
that (—e,e) x U c 9. In particular, K c My for allt € (-¢,¢).

Proof. Since 2 is open, we can cover {0} x K by a finite collection of neighborhoods (-¢;,&;) x
U; (since these form a basis for the product topology on R x M). Let € = ming; and U =
UUZ'. ]

Proposition 20.7. Suppose that X € 2 (M) has compact support. Then X is complete.

Proof. Put K =supp X and let € > 0 be as in the Lemma. We have K c M, for all t € (-¢,¢).
Furthermore, since X vanishes identically on M \ K, the latter is contained in M, for all
t € R. We conclude that M = M, for all t € (—¢,¢).

Given L € R,, choose N large enough that Ne > L. For se (=L, L), we can write

N
—_—

0, ZQS/N O ogs/N .

This shows that 6, is well-defined and smooth on (=L, L) x M. Since L was arbitrary, we are
done. O

Corollary 20.8. FEvery vector field on a compact manifold is complete.

The flow construction therefore gives an easy way to produce global 1-parameter families
of diffeomorphisms on compact manifolds.

On the other hand, the following confirms our intuition that an integral curve can be
continued until it “runs off the manifold.”
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Proposition 20.9. Suppose M is noncompact. If p € M is a point such that I, = (a,b), with
b < oo, then the image v, ([0,0)) fails to be contained in any compact subset of M.

Proof. (Omitted during class.) We prove the contrapositive. Suppose that v is an integral
curve of X with y(0) =p and v ([0,b)) c K for some compact set K c M. Choose a compact
set K’ with K c (K’)°, and let ¢ be a compactly supported bump function for K’. Take
X = X, which agrees with X on K, and let 5: R — M be the (complete) integral curve of
X. We have = 4 on [0,b) by uniqueness. But 7(#) is also contained in (K”)° for t € [b,b+¢),
for some € > 0, and on this interval it remains an integral curve of X. This shows that v was
not maximal. U

21. THE L1E DERIVATIVE (WED 10/16-FrI 10/18)

Recall that we have not yet attempted to answer the question: what is the derivative of a
vector field? The question is tricky because it requires comparing tangent vectors at different
(although nearby) points in the manifold. One way to do this is using the flow construction.

Definition/Lemma 21.1. Given X,Y ¢ 2 (M), let 0; be the flow of X. Define the Lie
derivative of Y with respect to X by:

Yo,(p) = (d61), Y,

; )
where the limit is taken with respect to the topology on T M. The limit exists for every p e M
and defines a smooth vector field on M equal to

d
21.2 — 0.4).Y.
(21.2) Il @,

(21.1) (LxY), =lim

Proof. Since 0 is smooth in all variables, the expression (21.2) gives a smooth vector field on
M. We need only show that (21.2) and (21.1) are equal. Using the formula (18.1) and the
fact that 6, = 6=}, we have

do_ Yo,0) - Y,
- ( t)et(p) 0:(p) P

(21.2), = lim .

By continuity of 8;, we have
%ir%(dét)p =1d.
We may insert this into the limit to obtain:

do_ Yo, - Y,
(212);0 = %}Hol (det)p ( t)et(p)t 0:(p) p

m (det)p (de—t)ot(p) Yo,() — (det)p Y,

t—0 t
Yo, — (d6;) Y,
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It turns out that the Lie derivative of a vector field is not a new object.
Theorem 21.2. ZxY =[X,Y].

Proof. Case 1. Suppose p is a regular point. By Lemma 20.4, we may choose coordinates

such that
0

" oz
Then the flow of X is given by
O, (2, ... 2") = (:171+t,x2,...,x”).

In particular, definition (21.1) just agrees with the usual definition of partial derivative in
the z!'-direction, so we have

oY
LY = —
T Oa
where the RHS is to be understood in local coordinates. On the other hand, by the local
formula (16.4), where X corresponds to the constant vector field (1,0,...,0), we also have
oY
X, Y|=—.
[ ? ] 8331

So the two agree.

Case 2. p e SuppX. If p belongs to the closure of the set of regular points of X, then the
two sides are equal for points arbitrarily close to p. But each side is a continuous vector field,
so the two must also agree at p.

Case 3. p ¢ SuppX. In this case, there exists a neighborhood W 3 p such that X, = 0.
The flow of X is identically constant on this neighborhood, so the Lie derivative is zero.
Meanwhile the Lie bracket also clearly vanishes. O

Corollary 21.3. (a) LxY =- X
(b) ZLx Y, Z] = [ZxY, Z] + [Y, Zx Z].
(C) ,i,ﬂ[)gy]Z = ,,%ngz—fygxz.

(d) For f,ge C>(M), we have
Lix(gY) = fgLxY + fX(9)Y - gY (f)X.
(e) Suppose that X1,Y1 are F-related to Xo,Y3, respectively. Then Lx,Y: is F-related to
Zx, Y.
(f) If F is a diffeomorphism then we have
F.2xY = Zp x F.Y.

Proof. These all follow from the already-established properties of the Lie bracket. For ex-
ample, (c) and (d) just rephrase the Jacobi identity as in (16.3).8 O
80n the other hand, one can give a proof of the Jacobi identity directly from the definition (21.1), as you

will do on homework. This gives an “explanation” for the Jacobi identity based on the fact that the Lie
bracket is indeed a kind of derivative.
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Remark 21.4. Despite the fact that we already knew the Lie bracket, the reinterpretation
as Lie derivative is extremely useful. Let’s also point out that the Lie derivative makes sense
on functions and agrees with the derivative that we already know:

. f(0:(p)) - f(p)
(«fxf)p—ltli% ;

i L0 = F0)
t—0 t

= (f o) (0)
:Xp(f)-

So the Lie derivative on functions is just the ordinary derivative:
Ixf=X (f )

Later we will define the Lie derivative on general tensors, in particular on differential forms
where it is most useful.

22. COMMUTING VECTOR FIELDS (FRr1 10/18-MonN 10/21)

We now continue to discuss the relationship between brackets and flows. The following
Lemma shows that the definition (21.2) also works away from ¢ = 0.

Lemma 22.1. For all ty such that (p,t) € 2, we have

d
d_ (Q—t)*y = (e—to)*gxy'
t t=to
Proof. Using the chain rule, we have
d
LHS = — (e—to o Qt_to)* Y
dt t=to
d
= (g—to)yr % 1o (et—to)* Y.
Setting s =t — ¢y, we can identify the inside limit as ZxY. O

Proposition 22.2. TFAE:
(a) X and Y commute (i.e. [X,Y]=0)
(b) Y is invariant under the flow of X
(¢c) X is invariant under the flow of Y.

Proof. (b) = (a) is obvious from the definition (21.1), since the difference quotient vanishes
identically. The same goes for (¢) = (a), since [V, X]=-[X,Y].
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To show (a) = (b), assume that ZxY = 0. By the previous lemma, we have
d
% (9_75)* Y = (Q_t)* ZXY = O

So (0-;),Y =Y for all ¢, i.e. Y is invariant under the flow of X. (a) = (c¢) is the same. [
Corollary 22.3. Every vector field is invariant under its own flow.

Corollary 22.4. X and Y commute if and only if their respective flows 6; and ns commute,
assuming they are defined on the rectangle [0,t] x [0, s] .

Proof. (=) It suffices to show that the curve
t > (ns00:)(p)

is an integral curve of X. For, t = (6, on,) (p) is also an integral curve of X by definition;
since both begin at 7s(p), they must be equal for all ¢, giving n5(6;(p)) = 0:(ns(p)).
To this end, we calculate
d

%ms °0,) (1) = (1.). = (4:(P)) = (1), Xor

By the previous Lemma, since X and Y commute, X is invariant under the flow of Y, i.e.
(ns), X = X. In particular, the RHS is equal to X,_(g,()). This shows that ¢ — (1, 06,)(p) is
an integral curve of X, so we are done.

(<) Assume that the flows commute, so 6; o 15 = 15 0 6;,. We calculate

d d
Yow = 75| 0@) = 7| (6ens(p))) = (d6,),, Y.
By the definition (21.1), this implies ZxY = 0. O

We now come to the following important generalization of Lemma 20.4. This provides an
answer to the question: when is a collection of vector fields equal to the coordinate vector
fields in some system of coordinates? A necessary condition is that these vector fields all
commute, since this is automatically true of coordinate vector fields. The theorem says that
this is also sufficient.

Theorem 22.5. Let X,..., X, k <n, be a collection of commuting vector fields ([X;, X;] =
0 for all i,7) which are linearly independent at p € M. There exists a local coordinate system
{s',...,s"} near p such that

0
Xz = =
0s’
fori=1,... k. If S is any codimension k submanifold near p for which T,S is complementary

to ((Xl)p ey (Xk)p> , we may further choose the coordinates so that S ={s'=0,i=1,... k}.

Proof. The proof is a simple generalization of the proof of Lemma 20.4. Let U = {«!,... 2"}
be a slice chart for S, in which S = {z! = ... = 2% = 0}. (If no S is given, choose S to be
a coordinate plane in an appropriate coordinate chart.) Let 6 be the flow of X;. Define a
smooth map from a neighborhood V' of the origin in R™ to U by

@(sl,...,s”):9;10952o--~00§k(0,...,O,Sk”,...,s")eU.

9See Lee, p. 232-3 for a precise statement.
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For i < k, we have

o® 0
9ei - 85"9;1 06% 00 ka((), 0,8 s
d , N
= o (921- 0fl 000 o--0ff, (0,...,0,3’““,...,5”)),
SZ S S 7 S
since the 6"’s commute. Since ¢ is the flow of X, this gives us
0o
95 = (Xi)eiiogilO"'Oééio"'oefk(0"“’075k+17"‘75n)
= (Xi)fb(sl,,..,s")-
This translates to
0
22.1 o, — =X,
(22.1) e
At the origin, for j > k, we have
0
0P|
0sJ 0 - .
0
by construction, where the 1 is in the j'th row. In other words,
a1 0
"0si|, Oxi’
Since {(X1)p, .-+ (Xi)p, 57, - - - » 500+ are linearly independent at the origin, the inverse

function theorem tells us that ® (or more accurately, ®1) is a coordinate system. Then

(22.1) translates to

0
q)_l *Xi =~
(@7)Xi = o5

for i < k, as required. 0
Remark 22.6. There is an important generalization called the Frobenius theorem, which
provides an answer to the question: when is a collection of vector fields X, ..., X locally
tangent to a (family of ) k-dimensional submanifold(s)? We hope to discuss this later once
we have more machinery available.
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Part 5. Lie groups and Lie algebras
23. DEFINITION AND EXAMPLES (MoN 10/21)

Definition 23.1. A topological group is a topological space G endowed with continuous

maps
m:GxG -G
(9,:h) = g-h
and
1:G->G
gr gt

which give G the structure of a group. G is further called a Lie group if it is a smooth
manifold and these maps are smooth.

Examples 23.2. 1. (V,+), where V is a finite-dimensional vector space with its canon-
ical smooth structure (Example 3.5)).

2. K* = K ~ {0} under multiplication, where K =R or C.
3. S1cCx.

4. Tn =St x... x St

ot

. GL(n, K) (see Example 3.6).

D

. GL*(n, K) c GL(n, K), the set of matrices with positive determinant.

7. The group of invertible upper-triangular matrices.

oo

. SL(n,K) :={A € GL(n,K) | det(A) = 1}. This is clearly a subgroup; to prove that it
is a Lie group, it is sufficient to prove that it is a smooth submanifold, i.e. that 1 is
a regular value of the function det(-) : GL(n, K) - K.

Let A € GL(n, K). Denote by m?; the determinant of the 4, j’th minor of the matrix
A, i.e. the (n—1) x (n-1) matrix obtained by deleting the i’th row and j’th column.
Fixing ¢, we can calculate the determinant using expansion by minors:

det(A) = (-1)™*a’ymiy + (1) 2a’ ymiy + - + (=1)""a’,,m’,,.
Notice that m¢ does not involve a’; for any k. We therefore have

Odet A
Gaij

= (-1,

In particular, A is a critical point of det(A) (i.e. all partials vanish) if and only
if all minors vanish. In this case the above formula implies that det(A) = 0. But
then A ¢ SL(n, K). So det(-) satisfies the Jacobian criterion on SL(n, K), which is
therefore a smooth manifold of dimension n? -1 (K =R) or 2(n?2-1) (K =C).
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9. O(n) :={AeGL(n,R) | ATA =1,}. This is the subgroup of orthogonal matrices. We
must check that the defining equation AT A = I,, has full rank. In fact, it only has
full rank considered as a map to the n(n + 1)/2-dimensional subspace of symmetric
matrices:

f:GL(n,R) - S, ={Ae Mpm| AT = A}
A ATA.

To show that A is a regular point, we calculate
dfa(X)=XTA+ATX.

Given B € S,,, we must exhibit X such that dF4(B) = X. In fact, it is sufficient to
solve
1
ATX = -B,
2
since then also

1

1
XTA=(A"X)" = 2B" = 2B,

Since det(A) = +1, we can take
X Logrya

We have shown that O(n) is a closed submanifold of dimension

n(n—l).

n?-n(n+1)/2= 5

It is in fact compact, because Tr AT A = n is the sum of the norms of the columns.

10. The same argument works over C, replacing AT by Af and S,, by the space of Her-
mitian matrices. This gives the Unitary Group U(n).

11. Since det(A) = 1 on O(n), the set with det(A) = 1 is an open submanifold /
subgroup, called the Special Orthogonal Group SO(n).

12. Any countable group with the discrete topology.

24. LIE-GROUP ACTIONS, HOMOMORPHISMS, SUBGROUPS (WED 10/23)

Today we shall upgrade several standard group-theoretic notions to the world of Lie groups.
This is usually just a question of adding “smooth” somewhere in the definition, but the
consequences of doing so can be nontrivial.
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24.1. Lie-group actions.

Definition 24.1. Recall that a (left) group action by a group G on a space M is a map

GxM-—->M
(9;p) = g-p

which satisfies
scp=p
e g-(h-p)=(gh)p

for all pe M. If G acts on the left on M, we write G O M.

Supposing that G is a Lie group and M is a smooth manifold, the action is further called
a Lie-group action if the above map is smooth.

A right Lie group action is defined in a similar way, except that the above equations are
replaced by

MxG—-M
(p.g)~p-g

and
ep-e=p
e (p-g)-h=p-(gh).

By default, our actions will be left-actions. One can convert a right-action into a left-action
by replacing the action of g by that of g~

Note that for each g € GG, the map p — ¢ - p is a diffeomorphism of M, since its inverse is
given by the action of g~!.

The orbit of p e M is denoted G-p={g-p|geG}.

The isotropy group or stabilizer of p € M is denoted G, ={gec G |g-p=p}.

The action is said to be transitive if G-p = M for all (or any) p € M. Observe that for
a transitive group action and any p,q € M, the stabilizers G, and G, are conjugate, and in
particular are isomorphic as Lie groups.

The action is said to be free if G, = {e} for all p e M.

Examples 24.2. 1. GL(n,K) O K" by definition. The orbits are K"\ {0} and {0}.
2. O(n) O R". The orbits are the spheres S”,r >0 and the point {0}.

3. Let X be a complete vector field on M. This generates an action of R on M by:

(t,p) = 0:(p),

as explained above. The orbits are the images of integral curves in M.
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4. Every Lie group acts on itself both by left and by right-multiplication. These actions
are denoted with special symbols: given g € G, we write

Ly:G—-G R,:G—-G
hw=g-h hw—h-g.
It is clear that L, o Ly, = Lg,4,, so this is a left-action, while R, is a right-action.
Note that unless the group is abelian, these are genuinely different actions and cannot

simply be interchanged by the standard conversion g+ ¢g='.
These actions are both free and transitive.

5. For an example of a different flavor, recall that the universal cover M — M is again
a smooth manifold. By a theorem from Lee, m(M,p) is countable, so is a Lie group
with the discrete topology. This acts on M by smooth deck transformations, giving
a properly discontinuous Lie-group action; in fact, M is just the quotient manifold
M7 (M, p).

24.2. Lie-group homomorphisms. Let G and H be Lie groups. A map F': G - H is
called a Lie-group homomorphism if it is a smooth group homomorphism, i.e.

F(g192) = F(g1) F(g2)-

It is called an isomorphism if it is also a diffeomorphism (in which case the inverse is also

a homomorphism). The kernel ker F' = F-1(e) is the inverse image of the identity element

in H.

Examples 24.3. 1. exp: (R,+) - (R*,-) is a Lie-group isomorphism. exp : (C,+) —
(Cx,-) is a local diffeomorphism with kernel 27miZ.

2. det : GL(n, K) - K* is a Lie group homomorphism. Its kernel is SL(n, K).

3. Conjugation by a fixed element g € GG is an invertible Lie-group homomorphism
from G to itself (a.k.a an automorphism):

Cyg=LyoRy1:G -G
h v ghg™.
The map G x G - G by (g,h) = C,y(h) is also a left-action of G on itself.

Theorem 24.4. Fvery Lie-group homomorphism has constant rank.

Proof. Let F: G - H be a Lie-group homomorphism and let e € G, € € H be the respective
identity elements. Let gy € G. It suffices to show that the rank of dF} is equal to that of
dF,. Letting Lg, be left translation by gy, we have for all g e G':

F(Lg(9)) = F(g909) = F(90)F(9) = Lrg)(F(9))-

In other words
FroLg, = Lp(gy) o L.
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Taking the derivative and applying the chain rule, we have
(241) dFQO o (dLgo)e = (dLF(gO))é' o dFe.

But (dLg,). and (dLF(gO))é are both isomorphisms, so this shows that dF,, and dF, have
the same rank, as desired. O

Corollary 24.5. A Lie-group homomorphism is surjective (resp. bijective) if and only if it
is a submersion (resp. isomorphism,).

Proof. 1t follows by contradiction from the Baire category theorem (HW /Lee’s book) that a
surjective map of constant rank in fact must have full rank, i.e. must be a submersion. If it
is also bijective then the dimensions must be equal, making it a diffeomorphism. [l

24.3. Lie subgroups. A Lie subgroup of G is a pair (H,¢) where H is a Lie group and
¢ : H — (G is an injective immersion that is also a Lie-group homomorphism.

If p is an embedding then H is called an embedded Lie subgroup,'® and in this case we
identify H with its image p(H) c GG, which is a submanifold, and omit the inclusion map .
Notice that H is an embedded Lie subgroup if and only if it is a submanifold which is closed
under the group operations of G. We shall be almost exclusively concerned with embedded
Lie subgroups in this class.

Examples 24.6. 1. O(n) ¢ GL(n,R) and U(n) c GL(n,C) are embedded Lie sub-
groups, as we showed last class.

2. SO(n) c O(n) is the inverse image of +1 under det, which is an open submanifold,
so an embedded Lie subgroup of index two.

3. Given any Lie group G, let Gy be the connected component which contains the
identity element e. By Proposition 2.3, this is both closed and open in G, so is an
open submanifold. It is also closed under multiplication, because Gox G is connected
and the image of the multiplication map

GOXG0—>G0CG

must land in the connected component of the identity; similarly for the inversion
map. So Gy ¢ G is a properly embedded Lie subgroup (of the same dimension).
In particular, one can show that SO(n) is the identity component of O(n), and
GL*(n,R) is the identity component of GL(n,R).

4. For an example of a non-embedded Lie subgroup, consider H = R and define the
homomorphism

©:R - T?
t (627Tit’ 627riat)

10An embedded Lie subgroup is more frequently called a closed (Lie) subgroup because of Theorem
24.9 below.
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for an irrational number «. The image is in fact dense in T2.

Proposition 24.7. For any Lie-group homomorphism F : G — H, the kernel ker F' is a
properly embedded (i.e. closed) normal Lie subgroup of G.

Proof. By Theorem 24.4, F' has constant rank, so every fiber is properly embedded by The-
orem 13.11. The kernel of any homomorphism is a normal subgroup, so we are done. O

Example 24.8. e The proposition gives another proof that SL(n, K) is an embedded
Lie subgroup of GL(n, K). Since det is surjective onto K*, it is a submersion by
Corollary 24.5, so SL(n, K) < GL(n, K) has codimension one if K = R and two if
K =C.

e A unitary matrix A satisfies ATA = I,,. Since det AT = det A, we have det At = det AT =
det AT = det A. Taking the determinant of each side of ATA = I,,, we have

|det AP = 1.
Hence, the determinant defines a Lie-group homomorphism
det: U(n) - U(1) c C*,
which is surjective. Let
SU(n) :=kerdet(-) < U(n).

This is a (real) codimension one properly embedded Lie subgroup.

We now mention a result that allows us to dispense with saying “properly” every time we
say “embedded Lie subgroup;” instead we shall usually say “closed Lie subgroup.” (In fact,
even saying “Lie” is not necessary: see Lee Theorem 20.12.) Since all of the Lie subgroups
that we consider are properly embedded by definition, we will not prove the result, but it is
good to know about.

Theorem 24.9. Suppose (H, ) is a Lie subgroup of G. Then p(H) is closed in G if and
only if v is an embedding. In particular, every embedded Lie subgroup is properly embedded.

Proof. See Lee, Theorem 7.21. The main idea is that because G acts transitively on itself by
diffeomorphisms, the whole picture can be reduced to the picture near the identity, where
one can work in a fixed slice chart. OJ

25. THE EQUIVARIANT RANK THEOREM (FRI 10/25)

Today we will give another, more modern, method to construct the classical groups
O(n),U(n),SU(n), etc. While the method is elegant enough to be worth doing for its
own sake, it will also bring us closer to the right perspective on Lie groups.
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Definition 25.1. Suppose that G Oy M and G O, N are two different Lie group actions
which we call 6 and ¢, respectively, to keep them straight. This means that each g € G acts
by diffeomorphisms 6, : M — M and ¢, : N - N.

A smooth map F': M - N is said to be equivariant with respect to these two actions if

F(0y(p)) = ¢4 (F(p))

for all g € G and p € M. In other words, F'o 0, = ¢4 0 I, i.c., the diagram

(25.1) M-t N

o o

MLN

commutes. Sometimes one says that F' intertwines the two actions. If 6 = ¢, one often says
that F' commutes with the action.

Examples 25.2. 1. Let M = N = G and take both 6 and ¢ to the action of G on itself
by left-multiplication. Fix gy € G, and let F' = Ry, : G — G. We claim that F' is
equivariant:

Ry(g-h)=(g9-h)-go=9-(h-go) =g Ry (h).

In other words, left and right-multiplication “commute” with each-other. (Funnily
enough, this is another way of stating the associative property of group multiplica-
tion.)

2. Let F': G - H be a group homomorphism. Let G act on itself by left-multiplication,
and define an action G OO H by:

g-h="F(g)h.
Let’s check that this is a group action:

91-(g2-h) =g1- (F(g2)h) = F(91)F(g2)h = F(g192)h = (9192) - -

Then F' is an intertwiner because

F(g192) = F(91)F(92) = 91 - F'(g2).

So we see that a homomorphism is an equivariant map for a certain choice of group
action.

We have the following generalization of Theorem 24.4.

Theorem 25.3 (Equivariant Rank Theorem). Let G ©g M and G O, N be Lie group
actions, and suppose that 0 is transitive. Any equivariant smooth map F : M — N has
constant rank.

In particular, if F is surjective then it is a submersion; if F is injective then it is an
immersion; if F is bijective then it is a diffeomorphism.
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Proof. Let p,q € M be arbitrary. By transitivity, we can choose g € G such that 6,(p) = g.
Applying the functor d(-), the diagram (25.1) goes over to

dFy,
TpM e Tp(p) N

(d9g)pl l(d@g)F(p)
dF,
TqM E— TF(q) N.

Since (df,), and (dy,)r(p) are isomorphisms, the rank of dF, must equal that of dFj,.
The remaining statements are true of all constant-rank maps. 0
As a first application, for p € M, consider the orbit map
0P G- M
g=g-p.
This map is equivariant from G with its left-multiplication action to M. Since left-multiplication

is transitive, the previous theorem gives

Corollary 25.4. e For any p € M, the stabilizer G, = (%))"1(p) is a closed Lie sub-
group.

e Suppose G, = {e} for some pe M. Then 0®) : G - M is an injective immersion.

Next, we will use the Equivariant Rank Theorem to construct our favorite Lie groups
again while also calculating their dimensions in an easier way.

Example 25.5. Recall that O(n) = {A € GL(n,R) | ATA = I,,}. Define
¢ : GL(n,R) - Maty™
A ATA,
Let GL(n,R) act on itself by right-multiplication, and act on X € Matg™ by:
X-B=BTXB,.
We have
®(AB) = (AB)TAB = BTATAB = BT®(A)B = ®(A) - B,
so @ intertwines the two actions. By the equivariant rank theorem, O(n) = ®-1(1I,) is a
closed Lie subgroup of GL(n,R) (indeed it is closed in Matg™").

To determine the dimension of O(n), we need only calculate the tangent space at the
identity element e = I,,. Since

dP; (X)=X"I,+ITX = XT + X,
we have
T.0(n) = {X e Matf" | XT = -X} = o(n).
This is the subspace of skew-symmetric matrices, which has dimension
n(n-1)

dimo(n) =dimO(n) = 5
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Example 25.6. Generalizing the previous example, let J be any nxn real matrix and define
P(A) = ATJA.

The last proof shows that {A € GL(n,K) | ATJA = J} is a Lie group. For instance,
letting J be a symmetric matrix of signature (p,q), we obtain the group O(p,q) of linear
transformations preserving a symmetric bilinear form of signature (p, ¢). You will calculate its
dimension on homework. A well-known example is the 6-dimensional Lorentz group O(1,3)
which arose in the special theory of relativity.

Example 25.7. Recall that U(n) = {A € GL(n,R) | ATA = I,,}. Define
¢ : GL(n,R) -» Matg™
A ATA.

Let GL(n,R) act on itself by right-multiplication, and act on X € Matg™ by:
X-B=B'XB.

As above, ® is an intertwiner, so U(n) is a closed Lie subgroup of GL(n,C) (indeed it is
closed in Mat#™™). The tangent space at the identity is

T,U(n) = {X e MatZ | XT = - X} =2 u(n).

This is the subspace of skew-Hermitian matrices, of the form

ial B
7
Bf iay,
where aq,...,a, are real numbers and B contains arbitrary complex numbers. So the real

dimension is
-1
dimu(n) =dimU(n) =n + QM =n?

Example 25.8. Last, we showed last time that SU(n) = {A € U(n) | det(A) = 1} has
codimension one in U(n), so

dim SU(n) = n? - 1.
Let us also compute the tangent space at the identity.

Lemma 25.9. d(det);(X) =Tr X.

Proof. There are several ways to prove this, the simplest being to observe that

det(I +¢X) = [[(1 +£X%,) + O(#)

i=1

=1+t X' +O0(#?),
i=1

since the sum defining the determinant can never have exactly one off-diagonal entry. 0J
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For K = C, det is a holomorphic function of the matrix entries, so the result still makes
sense. We can conclude that

T.SU(n) = {X e MatZ"™ | XT = - X, Tr X =0} =: su(n)
is the space of traceless skew-Hermitian matrices, which of course has the same dimen-
sion
dim su(n) = n* - 1.
Remark 25.10. We now make the following observation. Consider the case u(n), and let
A, B be skew-Hermitian matrices. We have:

[A,B] = (AB) - (BA)'
- BTAT - ATRBt
= (=B)(-4) - (-4)(-B)
=[B, 4]
=-[A,B].
Hence, the commutator of two skew-Hermitian matrices is again skew-Hermitian. In other

words, u(n) is a Lie algebra. One can check that the same is true of o(n), o(p,q) (on
homework), and su(n). We will see next time why this is the case.

26. THE LIE ALGEBRA OF A LIE GROUP (MoN 10/28-WED 10/30)
26.1. The definition. A vector field X on @ is said to be left-invariant if
(L,).X =X

for all g € G. The Lie algebra Lie(G) of G is, by definition, the subspace of all left-invariant
vector fields on G.1!

It is easy to generate left-invariant vector fields on a Lie group: given a tangent vector at
the identity £ € TG, we can define a (rough) vector field X¢ on G by

(Xe)g = (dLg)e(€)
for each g € G. Let us check that X is invariant under left-multiplication by gy € G:

((Lgo)*Xﬁ)gog = (dLgo )g(XE)g
= (dLgo )g ((dLg)eg)
= (d(Lgy 0 Ly))eE
= (dLgog)eg
= (Xé)gog‘/~

We can now characterize Lie(G) as follows.

HOne could equally well define Lie(G) to be the set of right-invariant vector fields, but this would turn
out to be slightly less convenient notationally.
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Lemma 26.1. (a) Any rough left-invariant vector field is smooth.

(b) The Lie bracket of two left-invariant vector fields is again left-invariant. In particular,

Lie(G) c Z'(G) is a Lie subalgebra.
(c) The map
T.G - Lie(G)
£ Xe
is an isomorphism. In particular, dimLie(G) = dim G.

Proof. (a) Let X € Lie(G). By Proposition 16.3, it suffices to check that X (f) is smooth for
an arbitrary f e C*°(M). Choose a path v(t) € G with v(0) = e and 7/(0) = X.. We have

(XN = 5| e,

t=

Meanwhile, since X is left-invariant, ¢t — gy(¢) is a path through g whose derivative is X,,.
So we also have

d

(XN =G| o)

Since ¢gy(t) depends smoothly both on g and ¢, (X f)(g) is a smooth function of g. This
proves (a).

(b) This is clear from invariance of the Lie bracket under pushforward, Proposition 17.10.
(c) A left-inverse for the given map is:
Lie(G) - T.G
X X,.

It is clear that the values of a left-invariant vector field at all points are determined by the
value at a single point, so this is injective. 0

In view of the Lemma, we are free to think of Lie(G) either as the subalgebra of 27 (G)
consisting of global left-invariant vector fields, or simply as the tangent space at the identity
T.G endowed with a canonical Lie-algebra structure. Later we will give the classical definition
of the Lie bracket on T.G, which has a more local flavor.

26.2. The Lie algebra of GL(n,K). Recall that T.GL(n,K) is just the space Maty™"
of n xn matrices. We will now show that the Lie bracket on this space is just the ordi-
nary commutator bracket of matrices. Moreover, for any subgroup G < GL(n,K), T.G c
T.GL(n, K) = MatZ™ is a subalgebra. This explains the observation of Remark 25.10.

Proposition 26.2. The map Maty"™ — Lie(GL(n, K)) sending A to X, is a Lie-algebra
isomorphism.?

121¢ you are not familiar with holomorphic tangent spaces, you can ignore the case K = C of this proposi-
tion. We will give an alternative proof next class using the exponential map.
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Proof. A matrix A = (A?;) e Maty™ corresponds to the tangent vector
> A5
—~ " Ot

To calculate the corresponding left invariant vector field, let (¢) € Mat™ be a path through
I with 7/(0) =%, ; A jaa?ij . Let g = (2%;) € GL(n, K). As in the proof of Lemma 26.1a, the
path

¢ TIGL(n, K).

(9-7(1)'; Z:v (V)"

is tangent to the corresponding left-invariant vector field at g. We therefore have

0

- d k
(26.1) (0= 5| 9790 = 5 ety 5

nxn

This expression defines a smooth (indeed, linear) vector field on all of Maty™", which is just
Euclidean space with coordinates z?;, and we may compute the Lie bracket there. We have

i, O g, i i, O ’”A%) :

Xa, Xp| = ; —.
[X4, X5] M Oxi 7 9 Oz,

i1,J1,k1,12,J2,k2 (

Since g Zlkz = §%2; 071, we may relabel i =i =iy and £ = j; = ko, as well as j = jo and k = ky.

Factoring out x', we obtain

. 0
[XA,XB] = Z {L‘Zk (Akngj—BkgAZj) ) P
iji kel Lj
Comparing with (26.1), we see that
[ X4, XB] = X[a8],
which gives the result. U

The same proof works for any subgroup of G' < GL(n, K'), which can be seen as a subman-
ifold of Mat™ in its own right. We have also the following fact:

Proposition 26.3. Supposing that H < G is a Lie subgroup, the inclusion map T.H c T,G
is an injective Lie-algebra homomorphism, i.e., sends the Lie bracket on T.H = Lie(H) to

the Lie bracket on T.G = Lie(G).

Proof. We need only observe that given & € T.H, the corresponding left-invariant vector
field X§G on G is tangent to H (because it is the derivative of a path in H, see Proposition
13.13(1)) and left-invariant for the action of H, so restricts to XgH . Corollary 17.3 implies
that the Lie brackets are the same. U

In view of these results, we will henceforth denote the space of n x n matrices over K,
endowed with the commutator bracket, by

gl(n, K) = MatZ™,
since it is canonically isomorphic to Lie(GL(n, K)). This also explains our above notations

o(n),u(n),su(n)
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for the subalgebras of skew-symmetric, skew-hermitian, and traceless skew-hermitian matri-
ces, respectively; these are canonically isomorphic to Lie(O(n)), Lie(U(n)), and Lie(SU(n)).

26.3. Functoriality of Lie(-). We have the following generalization of Proposition 26.3

Proposition 26.4. For a Lie-group homomorphism F : H — G, the differential at the
wdentity dF, : T.H — T;G is a Lie-algebra homomorphism.

Proof. We claim that for each £ € T, G, XgH is F-related to XdGFe @ This is true by definition

at the identity. Furthermore, recall from (24.1) that for h € H, we have
th o (dLh)e = (dLF(h))é’ ] dFe.
Applying this to £, we have

dFy, ((dLn)e(€)) = (dLrn))e(dFe(E))-
But this just says that
dFW (X = (XG ) P -
Since h € H was arbitrary, we are done.

The result then follows from the fact that the Lie bracket preserves F-relatedness, Propo-
sition 17.10. O

This shows that taking tangent spaces/differentials at the identity is a functor from the
category of Lie groups to the category of finite-dimensional real Lie algebras. It is very
interesting to ask the converse question: is any finite-dimensional real Lie algebra the Lie
algebra of a Lie group? Moreover, can one always lift a Lie-algebra homomorphism to a
Lie-group homomorphism of the corresponding Lie groups?

The answer to the first question is in fact yes: there is a unique simply-connected Lie
group with a given Lie algebra, up to canonical isomorphism. The answer to the second is
in general no, but yes if the domain is simply connected. The moral is that up to passing to
covers, the Lie algebra completely determines the Lie group.

We will try to prove these statements later if time permits.

27. ADJOINT REPRESENTATION(S), EXPONENTIAL MAP (WED 10/30-Fr1 11/1)

27.1. Left- versus right-multiplication. Before proceeding, let’s make a few more points
about the Lie-algebra construction.

1. Let X € Lie(G) be a left-invariant vector field and g € G. We of course have (L, ). X =
X. Meanwhile, (R,-1).X € Lie(G) is again left-invariant, but may not equal X :
(Lg)*(Rgal)*X = (Lg ] Rggl)x—X
= (Rgg1 )*(Lg)*X
= (Ry-1).X.
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Hence, we obtain a left-action G O Lie(G) called the Adjoint action (see below).
In fact, (Rgal)* is a Lie-algebra homomorphism for each g € GG, since pushforward
commutes with the Lie bracket. This is obviously something very special.

2. Let’s also make note of a related fact / potential point of confusion. Let g(t) € G be a
path with ¢g(0) = e, and consider the family of diffeomorphisms L. Since Ly = Id,
the derivative

d
X=-—L
dt g(t) -

is a smooth vector field. One might think that this is left-invariant; however, it is
actually right-invariant, because

((R961)*X)h - (Rgol)*%Lg(t)(h)Lzo

d

- R Ly ()]

d
= d—Lg(t)Rgal (h) L_O

= XREé(h)'

e Z' (M)

On the other hand, the derivative of right-multiplication will be a left-invariant vector
field; specifically, if ¢’(t) = &, we have (e-g)'(t) = g'(t) = &, so we get
d
dt
This shows that any left-invariant vector field is the derivative of right-multiplication
by a path through the identity. This gives another useful way to describe Lie(G).

(27.1) Ryp| =X

t=0

27.2. The Adjoint/adjoint representations. Recall that a representation of a group,
G, over K =R or C, is a group homomorphism p : G - GL(V'), where V is a K-vector space.
Equivalently, p is a group action of G on V' by K-linear maps, i.e., satisfies

p(gh) = p(g) o p(h).

This is called a Lie-group representation if V' is finite-dimensional and p is smooth as a
map from G to GL(V).

A representation of a Lie algebra, g, is a Lie-algebra homomorphism p : g — gl(V),
i.e., a map satisfying

p([&:n]) = [p(&), p()],
where the bracket on the left is the Lie bracket on g and the bracket on the right is the
commutator bracket on gl(V').

Note that every Lie-group representation gives rise to a Lie-algebra representation by
taking tangent spaces at the identity. This follows from functoriality of Lie(+), Proposition
26.4.

We now attach a canonical pair of representations to any Lie group.
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Definition/Lemma 27.1. The (upper-case) Adjoint action of G on Lie(G), denoted
Ad: G - GL(Lie(G))
1s the representation defined in the following three equivalent ways:
1. Adgy = (Ry1). : Lie(G) — Lie(G).
2. Ad, = (dC,).: T.G - T.G.
3. Ady: X~ X(dLg)g_l(ng_l)ef‘
Proof. We showed above that (1) is left-invariant, so we may indeed take the target to be
Lie(G) c Z'(M).

The fact that (2) and (3) are equivalent is obvious, because C; = L, o R,,.
[t remains to show that (1) and (3) are equivalent. We have

(By1), Xe = (Lg)«(Ry1) Xe
by left-invariance. Taking the fiber at the identity gives the result. O

Definition/Lemma 27.2. The (lower-case) adjoint representation of Lie(G) on itself,
denoted

ad : Lie(G) — gl(Lie(G))
1s the Lie-algebra representation defined by
adx (V) =[X,Y].
We have
(27.2) ad¢y = (dAd);(-).
Proof. We first check that this is a Lie-algebra representation:

adrxy] = [adx, ady]

by Corollary 21.3¢ (the Jacobi identity).
To check (27.2), let X,Y € Lie(G) be left-invariant vector fields, and let g(t) with g(0) =e
and ¢’(0) = X.. By (a) of the previous theorem, we have

d
(dAd)) (V) = 2| (Rpa).Y.
£=0
In view of (27.1), the family of diffeomorphisms R, is equal to 6;, the flow of X, to second
order at t = 0; it therefore computes the Lie derivative (exercise based on definition of the
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Lie derivative). We also have Ry-14) = Ry(—y) to second order. So we get

d

dAd.(X)(Y) = o (Ry1().Y
t=0
d
= I (Rg(—w)*YLO
d
= —(0,),Y
77 (0-0). L

- [X,Y] = adx ().
O

Remark 27.3. Note that we can reverse the proof of the definition/lemma to give another
derivation of the Jacobi identity!

27.3. The exponential map. We’ve shown how to go from a Lie group to a Lie algebra;
let’s briefly discuss how to go the other way. One can prove (HW) that any left-invariant
vector field on a Lie group is complete, so it makes sense to define the exponential map

exp:T.G - G
£y (1).

Here %X *(t) is the integral curve of X¢ with fy;jX ¢(0) = e. The exponential map satisfies

exp(t€) = 72 (1),

which follows from the definition (HW), and
exp((t + $)§) = exp({£) - exp(s¢),

which follows from left-invariance. So for each £ € T.G, one obtains a homomorphism R — G,
a.k.a, a I-parameter subgroup of GG. This is very useful, although it is important to note that
in general

(27.3) exp(& +n) # exp(§) - exp(n)

unless £ and 1 commute.

In the case of a matrix Lie group G < GL(n, K), the exponential map is just the familiar
one. Indeed, we saw in the proof of Proposition 26.2 that the left-invariant vector field X 4
corresponding to A € gl(n, K) is a linear vector field. As in Example 19.4, the integral curves
are simply ¢ —» exp(tA), this being the matrix exponential. In fact, there is a precise formula
expressing the relation between the two sides of (27.3), called the Campbell-Baker-Hausdorff
formula, which turns out to involve only the commutator bracket. This corresponds to the
fact that the Lie-algebra structure completely determines the Lie-group structure, locally,
as we alluded to at the end of last class (and may get to prove later using the Frobenius
theorem).
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Now, we can identify all the tangent spaces of GL(n, K) with gl(n, K) as usual. Then
pushforward by left /right-multiplication just corresponds to matrix multiplication, so we
have

Adexp(tA)(B) = exp(tA)Bexp(—tA)
2 2
S (1+tA+ %A2 4 )B(1—tA+ %AQ—---)
=1+t(AB-BA) +---

This shows us that the derivative of the Adjoint action at the identity indeed gives the
adjoint representation:

d
E Adexp(tA)(B)‘tZO = adA(B) = [Aa B] :

This is the classical viewpoint on the Lie bracket.

28. ExampPLE: SU(2) - SO(3) (Frr 11/1)

We shall now give a well-known example to demonstrate the above theory. You showed
on homework that

SU(2) = {(Z _;”) | |2 + |w]? = 1} <GL(2,0),

so that SU(2) is diffeomorphic to the 3-sphere. We also have

su(2) = {(ia :ZZ) laeR we (C} c gl(2,C).

w

Let us label the four elements

SU(2)

~ e

) el ) )

su(2)

"~

Conveniently, ¢1,q2, and g3 belong both to SU(2) and to su(2). Thinking of SU(2) as the
3-sphere, these three elements lie in the equatorial plane, which is also identified (by trans-
lation) with the tangent space at the north pole go. It is easy to check the following:

@ =-q,i=1,2,3, 192 = —q3 & cyclic permutations.

These are called the quaternion relations, see more on homework.
Now, for w,n € gl(n,C), we can define

{(w,n) = Trwn.
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This is a Hermitian inner product:

(w,n) = Trw'n
= Tu(wln)”
=TrnTw

= Trnfw = (n,w).

Specializing to w,n € su(n), we have

(w,n) = Trwhy
= Tr(-w)(-n")
=Trn'w
= (n,w) = (w, ).

So in fact (-,-) : su(n) x su(n) - R is a real inner product. In particular, this gives us
a natural inner product on the 3-dimensional real vector space su(2), identifying it with
Fuclidean 3-space.
Now, given A € SU(2) and w,n € su(2), we have
(Adw, Adan) = Tr(AwAT)T(AnAT)

= Tr Awl AT An AT

= Tr AwinAT

= Tr AT Aw'y

= Trwn = (w,n).
So Ady acts by an isometry of su(2) = R3. The adjoint action therefore gives a group
homomorphism

Ad:SU(2) - SO(3).

Note that these groups are both 3-dimensional; we claim that the map is a local diffeomor-

phism.
We first calculate the kernel. Note that

Adiqo(w) = (£qo)w(*q0) = qowqo = w,

so {£qo} c ker Ad; we claim that this is the entire kernel.
A general element of SU(2) conjugates ¢; as follows:

P (| G L [

(P 25
- 2zZw lw|? - |z]? )
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If this equals g1, we must have z = 0 or w = 0 based on the off-diagonal entries. If z = 0, then
the result is —¢;, so we must have w = 0. Hence, the stabilizer of ¢; is the U(1) subgroup

{(z BIEE 1} <SU(2).

We then calculate the action of this subgroup on ¢ :

T
{7

This equals ¢y if and only if z = +1, so we have ker Ad = {+qo} as claimed.

Since the kernel has dimension zero, we can already conclude that the (constant) rank is
three, so Ad is a local diffeomorphism. It is 2-to-1 since the kernel has order two. Since any
local isomorphism of (compact) groups is a covering map, we conclude that SU(2) is the
universal cover of SO(3). Hence, we learn that

™ (SO(3)) 2 Z/2.
Meanwhile, the derivative at the identity
ad : su(2) - so(3)

must be a Lie-algebra isomorphism! This gives us an example of two non-isomorphic Lie
groups with isomorphic Lie algebras. Using the quaternion relations, it is easy to calculate
this isomorphism explicitly in the basis ¢1, ¢2, ¢3 for su(2) :

0O 0 O
adg, () = [@1,)]=|0 0 2
0 -2 0
0 0 -2
adQQ(')z[QQ"]: 00 0
2 0 0
0 2 0
adg, (") = [gs,-]=|-2 0 0Of.
0 0 0

Last, since ¢? = —qo for ¢ = 1,2, 3, the exponential map is given simply by
exp(tq;) = qocost + g;sint.

This is a 1-parameter subgroup traveling around a great circle in SU(2) = S3.
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Part 6. Vector bundles
29. LINEAR ALGEBRA (MoON 11/4)

29.1. The Einstein summation convention. Let V' be a finite-dimensional vector space
over a field K. The dual space is denoted by V* = Homg (V, K'). We have a bilinear pairing

50,1 VxV*—> K

(29.1) (v,a) = a(v).

This pairing gives rise to a canonical map from V' to V** also written
v (evyra - a(v)).

Since dim(V') < oo, this is an isomorphism, so that V' and V** are canonically isomorphic.
Meanwhile, V' and V* are isomorphic, but not in a canonical way.

There is, however, a canonical bijection between the set of bases for V' and the set of bases
for V*, as follows. Given a basis {e;}, for V, there is a unique dual basis for V*, denoted
{e7}3_,, which satisfies

el (e;) = &7,

Let us see how the pairing (29.1) looks in these bases. Given v = ¥;a’e; € V and oo = 3, bjed €
V*, we have

a(v) =Y a'bjel(e;) =) a'b;é’;
1,J i3
= Za’bz

Let’s see now how these look in a different basis, {€;}",, for V. Since this is a basis, there
exists a matrix o = (o*;) such that

€; = Zo-kiék‘
k
We then have e/ = Y ,(c71)7,e%; for,
e/(e) = Y (07") woie (er)
ol
=Y (o7 ot = ;.
7
Now, we have
v = Zaiei = Zaiakiék = deék,
k
where a* = Y, o%;a'. We also have

a = ij(O'_l)jgéé = Zi)géz,
J

where by = > b; Ca
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Let us now calculate
dei)k = Z okiaibj(a_l)jk
k ik
= Z (071 po*ia'd;
ik

= Z 5jiaibj
1,

= Zalbl

Is this a miracle? By no means: both sides are equal to a(v) € K, so they must agree.
In view of this everyday non-miracle we shall adopt the Einstein summation conven-
tion and simply write

a(v) = a'b;,

where we omit the summation sign. The RHS refers to the sum of the coefficients of v in
the basis {e;} against the sum of the coefficients of « in, specifically, the dual basis {e'} of
{e;}. So the convention has a very precise meaning (that makes it work).

In addition to using the Einstein summation convention, we shall also *abuse* the Einstein
summation convention, i.e., omit the summation sign when summing on upper and lower
indices, even when these do not have precisely the meaning that we just explained. So e.g.
the vector v above will be written as

v =a'e;.

It’s worth remembering that this is an abuse of the Einstein convention, not the real thing.

29.2. Tensor products.

29.2.1. Motivation. Let V and W be vector spaces over a field K. Given a € V* and € W*,
both linear maps to K, we can define a bilinear map

VxW->K

(29.2) (v,w) » a(v)B(w).

This map is called “a ® ;" we want to know what space it belongs to.

Since the sum of two bilinear functions is again bilinear (check), the set of all bilinear
functions V x W — K forms a vector space. We could simply define this space to be the
“tensor product” of V* and W*. However, the tensor product of V' with W would then have
to be defined by duality, which is a bit awkward. It’s also not be entirely clear what sort of
space we would be dealing with.

It is much better to give a construction of the tensor product that clearly satisfies a certain
universal mapping property, as we shall do.
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29.2.2. Construction and universal property. Let S be a set. The free vector space on S
(over K) is the space of all formal K-linear combinations of elements of S :

F(9) := {gaixi | ;€ S}.

To be more precise, this is the space of all maps f: S5 - K with f(x) =0 for all but finitely
many x € S, which is naturally a vector space (since K is).

The universal property of F(S) is: given any map A : S — U, where U is a K-vector
space, there exists a unique linear map A: F(S) — U such that the diagram

S

I

F(S) 25U

commutes. Here the vertical map sends = € S to the formal sum 1-x. The universal property
is quite obvious, e.g. just observe that the set of such 1-x is a basis for F(.S), so can be
mapped arbitrarily by a linear map.

Define R ¢ F(V x W) to be the subspace generated by all elements of the forms

(av,w) - a(v,w) (v+v,w) - (v,w) - (v, w)

(v,aw) — a(v,w) (v,w+w") - (v,w) - (v,w'),

where a € K,v € V, and w € W. The tensor product of V with W is defined to be the
quotient

VeW=VexW:=FV=xW)/R.
The image of (v,w) =1-(v,w) is denoted by
vew=[(v,w)]eVeW.
The universal property of the tensor product is as follows. Given a bilinear map
AV xW U,

where U is a vector space, there exists a unique [tnear map A:V®W — U such that the
following diagram commutes:

VxW
(v,w)»—»v@wl A
Vel 251

To prove the universal property of ®, first note that by the universal property of free vector
spaces, there exists a unique map A : F(V xW) — U such that the diagram above commutes.
Then this map descends to V' x W if and only if A vanishes on R. But that is true if and
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only if A itself is bilinear. To sum up, we get the following diagram:

VxW

|

F(V xW)

(v,w)'—w@wl
VeWw 4,

A

as required. The map A is unique because A is unique.

Note that the universal property characterizes V ® W up to canonical isomorphism: given
any other space satisfying the universal property, we can let U = V @ W to get a unique (i.e.
canonical) isomorphism.

29.2.3. More properties of ®.

Proposition 29.1 (Functoriality). Given f:V - V' and g : W — W', linear maps, there
exists a unique linear map
feg: VoW >V oW
such that
(feg)(vew)=f(v)eg(w).

Proof. We have a diagram

VW -y

| > |

VeW--->VeW,
where the diagonal map is just the composition. Notice that this is bilinear, because
(F(av +bo'), g(w)) = (af (v) + bF(v")), g(w))
> (af(v)+bf(v))eow=af(v)@w+bf(v') @w,

etc. So we can fill in the dotted arrow to obtain the desired map. Since the space of
decomposable elements (i.e. those of the form v ® w) spans V' ® W, the map is unique. [

Proposition 29.2. Suppose V' and W are finite-dimensional vector spaces over K of di-
mension m and n, respectively. Let {e;},{f;} be bases. Then E = {e; ® f;} is a basis for
V@ W. In particular, dim (V @ W) = mn.

Proof. To see that £ = {e; ® f;} spans the tensor product, recall by construction that de-
composable elements span. But any decomposable element is clearly in the span of E, so
in turn spans V ® W.

To check linear independence, suppose that

a’e; ® fi =0;
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we must show that a” =0 for all 7, j. Let {e’} and {f7} be the dual bases of {e;} and {f;},
respectively. Consider the bilinear form e* ® f* obtained as in (29.2), i.e., the one coming
from the diagram

VxW

l %f‘z(')
ek [l

VelWW — K.
Applying this to the above sum, we get

0=c"® f(dVe; ® ;) = a’eF ® fi(e; ® f;) = a*.
This completes the proof of linear independence. 0

Proposition 29.3. Assuming that V and W are finite-dimensional, we have canonical iso-
morphisms

VieW 2 (VeW) =z L(V,W;K),
where L(V,W; K) is the space of bilinear functionals V x W — K.

Proof. Denote the spaces in the proposition by (1), (2), and (3).

To make a map (1) - (2), it suffices to make a bilinear map V* x W* — (V @ W)*. Given
(a, ) € V* @ W*, we have as usual the bilinear map «- f: V x W — K, which descends to
a linear map a® §: V @ W — K. This map is bilinear in o and beta, so descends to the
required map. A map (1) — (3) can be constructed in the same fashion.

To map (3) — (2), just observe that a bilinear map V x W — K gives a linear map
Ve W - K. Of course, the composition of the maps (1) - (3) - (2) is equal to the map (1)
— (2) that we constructed.

Finally, we must show that if V' and W are finite-dimensional then the map (1) - (2) is
an isomorphism. By the previous proposition, we can take a basis {e; ® f;} for V @ W. Then
the collection {e! ® f7} is clearly the dual basis for (V' ® W)*. Since the elements e’ ® fJ
all lie in the image of (1) - (2), we have a surjection. Of course these are also a basis for
V*@ W+, so we are done. O

Proposition 29.4. We have the following associativity and distributivity properties:
VieV)eVszVie(Vaels), et
WVie--eV,) 2Vie -V’

Proof. The associativity must hold because both sides verify the required universal property.
The second statement follows from the previous proposition by associativity and induction.

0
In view of this proposition, we can unambiguously denote the multiple tensor product
‘/1 R ® V’k

This space satisfies a universal mapping property with respect to multilinear maps Vi x -+ x
Vi = U which is an obvious generalization of the above universal property.
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29.2.4. Hom and Tr via ®.

Proposition 29.5. There is a canonical isomorphism
W e V*zHom (V,W)
as long as dim(V'), dim(W) < oo.
Proof. We can map (w,«) € W x V* to the rank-1 linear map (v ~ a(v)w). This is bilinear,

so descends to a map between the given spaces. To see that it is an isomorphism, fix bases

{e;} for V and {f;} for W. Let Ae W ® V* and define the matrix
A= Fi(A(e;)).

This is just the usual matrix corresponding of a linear map in fixed bases. We can then
reconstruct A by

A= Azjfz ® €j,
which is in the image of the LHS. O

Remark 29.6. As a comment, let’s see how a linear map A as in the previous proof acts
on a vector v = bFey, € V. We have

A)=d'fi® el (brey) = A0 f, e W.

The coefficient of f; is A%;b7, which corresponds to the usual rule for multiplying a matrix
by a vector. It also follows that the matrix of the composition Ao B is A%, B, giving the
usual matrix multiplication rule.

Proposition 29.7. e There is a canonical map Tr : End(V') - K, called the trace,
which is given in any basis by Tr A = A?,.

e There is a canonical element 1 € V ® V* which is given in any basis by e; ® €.

Proof. For the first bullet, by the previous proposition, we have End(V') 2 V ® VV*. The map
in question is induced by the duality pairing (29.1) via the universal property of the tensor
product!

For the second bullet, this is just the image of the identity map Id € End(V). U
k k
—_——t~ —_——

29.3. Symmetric and alternating tensors. Let V¥ =V x---xV and V® =V @@V .
The transposition map

gy V¥R o ok
(V13 Uiy ey Uy e ) P (U1, ) Uy Up)
descends to an automorphism of the tensor product
Oij V®k N V®k

V@ ®U®®V® ®U, >V ® @U@ ®V; ® ® Uy
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We denote the space of symmetric elements

Sym*V = {w e V& | gy5(w) = w Vi, j} c Ve
and alternating elements

APV ={w e Ve | 0y5(w) = —w Vi, j} c V&~

For k = 2, we have V®2 = Sym?V @& A2V, but in general this is false. We do have canonical
projections onto each space, which are more natural to write down on the dual spaces:

Sym : (V*)® - Sym*V*

1
(Symw) (’01,. .. ,Uk) = g Z w(Ug(l), R 7Ua(k)) .

O’ESk

Alt : (V*)®F - AltFV>

1
(Altw) (vq,...,v%) = o Z sgnaw(vg(l),...,va(k)).

UESk
Ordinarily a projection map requires a choice of complementary space, but these ones work
as written (it is the transpose of the inclusion map A*V — T®kV),
We also have a symmetric product

Sym*V* ® Sym‘V* - Sym* v+
(@,8) > a-B:=Syma® 8
and, more importantly, the wedge product
AFV* @ AV* = AR+

ki + 0))
(“’B)H“Aﬁzz(/ga)

These are both associative, the first is commutative, and we have the well-known formula

Alta® .

wAn=(-1)*nAw.
The reason for the sign in the definition of A is so that if {e’} is the dual basis of {e;} then
(e A ne®) (eq,... e) =1
if (i1,...,1) are distinct. In other words, we have

el A Aeth = Z sgno e’ @ ... @ e (),
oeSy

Proposition 29.8. The set of elements
{eM A nek iy <ip<...<ip}
forms a basis for A¥V*. In particular, dim AFV* = (Z) = dim AFV.

Proof. The elements clearly span the given space by multilinearity of the iterated wedge
product, and linear independence can be seen by plugging in the k-tuple (e;,,...,e;,). O
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29.4. The determinant. The symmetric and wedge products are functorial: a linear map
A:V -V induces maps from T®V — T®V which commute with the transposition maps
0ij, so induce maps from A*V — AFV compatible with compositions. Note that the top
wedge power A"V is a one-dimensional K-vector space, and A induces a map

ATA:A"V - A"V

Any endomorphism of a one-dimensional vector space is a multiple of the identity. We define
the determinant det(A) € K to be the unique element such that

A"A =det(A)-1d.
Now, given two endomorphisms A, B:V — V| by functoriality, we have
A"(AoB)=A"Ao A"B.
The LHS is det(A o B)Id and the RHS is det(A) - det(B)Id. We obtain the familiar relation
det(Ao B) =det(A)det(B).

30. VECTOR BUNDLES (WED 11/06)

30.1. The definition. Let £ and X be topological spaces and 7 : £ - X a surjective
continuous map. We use the following notation:

I'(U, E') = {sections of m over U},
sometimes called local sections, and
I'(E) =T(X,E),

called global sections. These will always be assumed to be continuous. Refer to Definition
16.1 for the definition of a section.

Definition 30.1. The triple (E, X, 7), usually abbreviated E, is called a vector bundle
of rank r over K =R or C if:

1. Each fiber E, is endowed with the structure of a vector space of dimension r over K,
in which the addition and multiplication maps +: F, x F, - E, and -: K x £, - E,
are both continuous in the subspace topology on FE,.

2. For each zq € X, there exists a neighborhood U 3 zy together with a set of sections

e1,...,e € (U, E) such that {e,(z)} forms a basis of E, for each x € U, and the map
UxK -7 (U)cE

(30.1) X

(z,(a",...,a")) —» a%ey(x)

is a homeomorphism.

With this definition comes the following terminology.
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e I is called the total space, X is called the base space
e A pair (U,{en}) as in (2) is called a local frame or local trivialization

e A vector bundle of rank one is called a line bundle. Care should be taken as to whether
this is a real or complex line bundle, as the two have very different properties.

o If F is a C-vector bundle of rank r, we obtain a real vector bundle of rank 2r by letting
R c C act by restriction. This is called the underlying real bundle. For example, the
underlying real bundle of a complex line bundle is a real vector bundle of rank two.

The reason for emphasizing the local frame {e, }”_; in the previous definition is that a local
frame is the analogue of a basis in the world of vector bundles, as shown by the following
basic lemma.

Lemma 30.2. Let s € T'(V,E) be a section of E over V. Given any local frame (U, {e.}),
there exist continuous functions s* € CO(UNV, E), a=1,...,r, such that s|;,, = s%€q.

Proof. Since e, (x) is a basis for FE, for each z € X, the functions s® exist and are unique.
It remains to check that they are continuous. This is true because each s* is equal to the
composition

s UNV S (UnV)SUnV)xK' B K.
Here, the middle map is the inverse of the homeomorphism (30.1). U

30.2. Examples.
e K" =X x K" is called the product bundle of rank r.

e S=[0,1]xR/(0,v) ~ (1,-v) is called the M&bius bundle. It is diffeomorphic to the
Mébius strip considered above, but we consider it as a bundle over S' =[0,1]/0 ~ 1
via the projection to the first factor.

e Take X = KP" = {{ c K™ |dim/{ = 1}. Define the tautological bundle
O(-1) = Ogpn(-1) = {({,v) e X x K" | v e (}.
The projection map is the restriction of the projection to the first factor. For example,

the tautological bundle over RP! is the M6bius bundle (exercise on HW). For K = C,
the tautological bundle on CP! is something (almost) new.

o If M is a smooth manifold, the tangent bundle T'M is a vector bundle of rank r over
M. By construction, each coordinate chart of M gives a local frame {% r,. We

typically reserve Latin indices (i, j, k, ...) for coordinate frames on TM or T*M, and
use Greek indices (a, 3,7, ...) for general frames on a general vector bundle.

Remark 30.3. Notice that T'M — M is in fact a smooth vector bundle, i.e., all the objects
appearing in the definition are smooth; see Definition 35.1 below.
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30.3. Bundle morphisms and triviality. Given two bundles F and F' over the same
space, X, a bundle morphism is a continuous map o such that the diagram

FE—2 L F

N

commutes and the induced map o, : F, — F, is linear for each x € X.
The morphism o is called an isomorphism if it has an inverse morphism.

Example 30.4. By definition, the inclusion map 0 (-1) - K 7}<+]P>1n is an injective morphism.

It is easy (and important) to characterize bundle isomorphisms.

Lemma 30.5. A bundle morphism o : E - F is an isomorphism if and only if o, : E, - F,
1s an isomorphism for each x € X.

Proof. (=) This direction is trivial.

(<) If 0, is invertible for each = then a set-theoretic inverse o1 clearly exists; it remains
to check continuity, which can be done in any local trivializations. Write o(e,) = 0%, () f3,
and o71(fs) = 7%ge,. We must show that 74 is continuous. We have

fo(@) = 0u(07" (f5(2)))
= 7% (7)o, (ea(T))
=7%(x)07 () f1(2)
=07 a(2)7%s(2) f5 ().
This is true for each x and g =1,...,r if and only if

(7%)(x) = (0%p(2))~".

As we know from homework, the inverse of a continuous, invertible matrix-valued function
is continuous (by Cramer’s formula). O

Definition/Lemma 30.6. A vector bundle E — X is called trivial if it is isomorphic to
the product (a.k.a. trivial) bundle K" = X x K7. This is true if and only if E admits a global
frame.

Proof. (=) The trivial bundle has the global frame {e,(z) = (z,(0,...,1,...,0))}, where the
1 is in the a’th entry.
(<) Suppose given a global frame {e,}"_, ¢ I'(E). Define a morphism K" — E by sending

(z,(a',...,a")) = a®eq(2).
Since {e,} is a global frame, this is an isomorphism on each fiber. By the Lemma, it is a

global isomorphism. O

Definition 30.7. A smooth manifold M is called parallelizable if T'M is a trivial vector
bundle, i.e., admits a global frame. This is a set of global vector fields Xy, ..., X,, such that
(X1)ps-- -, (Xy), spans T,M for each p e M.
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Examples 30.8. e You showed on homework that 7'S? is diffeomorphic to S* x R. In
the process you probably constructed the global frame % for T'S1, showing that it is
parallelizable.

e T'S? does not admit any nonvanishing global sections, by the hairy ball theorem. So
52 is not parallelizable.

e 532 SU(2) is parallelizable, by the following proposition.
Proposition 30.9. Every Lie group is parallelizable.
Proof. A basis for Lie(G) forms a global frame. O

Remark 30.10. The n-sphere is parallelizable if and only if n = 1,3, or 7. This was proved
independently by Hirzebruch, Kervaire, Bott, and Milnor in 1958.

31. TRANSITION FUNCTIONS (FRI 11/08)

As with smooth manifolds, there are two perspectives on vector bundles: one abstract and
one coordinate-based. The vector-bundle analogue of a coordinate chart is a local frame,
and the analogue of a transition map is the following.

Definition 31.1. Let £ - X be a vector bundle. Fix a cover {U,}4es of X such that EJ,
is trivial for each a, and pick a local frame {e2}’_, c I'(U,, E') for each a. The transition
function o, € C° (U, n Uy, GL (n, K)) is defined by:

et =Y ou’acl  (nosum on b).
B

Given a section s € I'(U, N Uy, E), let s* and t* be its local components in the frames {e2}
and {e}}, respectively, so that

«

b
S 63=s=t565.

We then have s = s“aabﬁae% (no sum on b), so that
Oy 0s® = tP.

In other words, the transition function just acts on components by matrix multiplication.
Note that by definition, we always have

Oua =1

and, by composition,
Ope* Oap = Oge 0N Uy n U N U.L.

These are called cocycle conditions. With a = ¢, the second one also gives

Oea = a;cl on U, nU..
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Examples 31.2. 1. Let E = TM. Suppose given two charts {z*} and {7}, and consider
the two coordinate frames {52} and {aiyj}. By definition, the transition function is
the unique matrix-valued function satisfying

g ;0
% = ny ,La—yj
We therefore have

oy’
Ogy’s = -
Y ox’
In other words, the transition functions of TM are the Jacobians of the transition

maps of M.

2. Consider the Mobius bundle S — S*. Let Uy = (0,1) and Uy = [0,3)u (3,1]/~. We
can make sections
e(x) =1

over Uy and
1 O<zx<i
-1 3 <zx<l
over U;. The transition function is

1 O<x<%
o1 = 1
-1 §<m<1.

3. Consider the tautological bundle &(-1) — CP'. Let U; = {[2,1] | z € C} and U =
{[1,w] | w e C}. We can make sections

e([z1]) = (2,1)
and
f([Lw]) = (1, w).
Since w = é, the transition function is

op1 = Z_l.

This explains the notation 0'(-1).

As with smooth manifolds (cf. Lemma 4.1), one can completely reconstruct a bundle from
its transition functions; in fact, one can also construct new bundles, as we shall do.

Lemma 31.3 (Vector-bundle construction lemma). Given an open cover {U,}az and a
collection of matriz-valued functions {oq € C° (U, 0 Uy, GL(1, K)) }apez satisfying the cocycle
conditions, there exists a vector bundle E — X with these transition functions.

Proof sketch. We can simply let E =u, (U, x K7) [ ~, where
(z,0)q ~ (z,04(v))s.

The cocycle conditions imply that this is an equivalence relation, so the space is well defined
and picks one point in each chart over x € X. The projection to X is well defined and its
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fibers are vector spaces of dimension r. Also, the frames on each trivialization descend to
frames on F. O

We can also reduce the question of triviality /isomorphism to one of transition functions.

Proposition 31.4. Let E - X and F - X be vector bundles of rank r over the same space.
Then E and F are isomorphic if and only if, after passing to a common refinement {U, } ez,
their respective transition functions oq, and o', are related by

Oup =Ty 00 Ta
for a collection of matriz-valued functions {1, € C°(U,, GL(r, K))}aez-

Proof. This is an exercise in the definitions (on HW). O

Remark 31.5. In the case r = 1, since GL(1, K) = K* is abelian, this actually shows that
the set of isomorphism classes of line bundles on X is equal to the sheaf cohomology group
HY (X, €°(K")).

32. BUNDLE OPERATIONS, SUBBUNDLES (FrI 11/08-MonN 11/11)

32.1. Bundle operations. We now come to the following Meta-Theorem: any'® func-
torial operation on the category of vector spaces gives rise to a functorial operation on the
category of vector bundles.

Example 32.1. The direct sum of two bundles has total space equal to the fiber product
EeoF=FExx F={(v,w)e ExF|mg(v)=mr(w)}.

The fiber is E, & F),, and the trivializations are the obvious ones.

Example 32.2. Define the tensor product £ ® F' to be the bundle of rank rs with tran-
sition functions o, ® g, Where o and p are transition functions for £ and F| respectively,
on a common refinement. To be sure that Lemma 31.3 permits this, we need to check the
cocycle conditions. Applying functoriality of tensor products, Proposition 29.1, we get

(Obc ® ,ubc) © (Uab ® H’ab) = (ch © Uab) ® (,ubc o ,uab) =04c® Hac-

So the tensor-product bundle exists. For each x € X, the fiber (F® F'),, is naturally identified
with F, ® F,. It is not hard to convince oneself that F' ® F' is independent of the system of
trivializations used to construct it; one can also prove this using a universal property (HW).

Here is a table with all the operations we discussed, together with the corresponding
transition functions:

13To be taken with a grain of salt.
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’ Operation Fiber ‘ Rank ‘ Transition function
FeF E.oF, | r+s odU
Eeg F E.®F,| r-s 0 QK [t
Ex E: T (oT)t
Hom g (E,F) | F,® EX | r-s p® (o)
AFE AFE, (Z) determinants of k x &k minors of o
detE:=A"F | AE, 1 deto
E Em T 0.

Note: For a complex bundle E, E is the same underlying real bundle but with a new complex
scalar multiplication defined by

ANpvi=Ago.
Definition 32.3. We make the following definitions:
o(1):=0(-1)"
and
o(1)®  neN
O(n)={K n=0
O(-1)8" ne-N.
In the case of CP!, by Example 31.2.3, notice that the transition function of €'(1) between

the stereographic charts is (z71)~! = z. In the case of line bundles, transition functions just
multiply under tensor product. So the transition function of &'(n) is z".

Let’s discuss two of these operations a bit more. Given a frame {e,} for E over U, there
exists a dual frame {e} for E* over U satisfying

e (eq)(x) = 67,
for all x € U. Notice that a section « € I'(U, E*) is equivalent to a morphism to the trivial
bundle:
Ely - Kl
(z,v) = (2, (v)).

More generally, let Hom (£, F') denote the space of bundle morphisms F — F. We have:
Proposition 32.4. Hom (F,F) 2'(F @ E~).

Proof. Given p e Hom (E, F'), we get an element p, € Hom (E,, F,) = F, ® E for each z € X,
so a rough section of F'® E*. We can check continuity in any frames, as usual. Let {e,} and
{fa} be local frames for E and F, respectively, and denote their dual frames by {e*} and
{fe}, respectively. Let

PP =P (p(ea)),
which is a continuous matrix-valued function. Then the section corresponding to p is
pBchﬁ ® €a7

which is continuous. U
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Another bundle operation to mention is restriction: given a bundle 7 : £ - X and
any subspace S ¢ X, we can obtain a bundle on S simply by restricting the projection to
7~1(S) c F and restricting the frames. (This is a special case of another operation called
pullback, perhaps the most important bundle operation, which we will save for another class.)

32.2. Subbundles. A subspace D c E is called a subbundle if D, c F, is a linear subspace
of dimension s for each z € X, and with the induced operations, (D, X, 7|,) is a vector
bundle.

The situation is closely analogous to that of submanifolds, only simpler because the inverse
function theorem is not involved.

Lemma 32.5. A subspace D c E is a subbundle of rank s if and only if there exist local
frames for E of the form

{617 <5 Csy Cotly e 767“}7
where {e1,...,es} is a local frame for D.
Proof. (=) Let zq € X. By assumption, there exists a local frame for D, {ey,...,es} as well
as a local frame ey, ..., e, for E over the same neighborhood U > xy. Choose i1, ...,i,_s such
that the collection
61(1’0), s ,65(1'0), éi1 ($0)7 s 7é7;'r—5(x0)

is a basis for £/,,,. Then these are also linearly independent on a smaller neighborhood Uy c U
with Uy 3 2o (since this amounts to nonvanishing of a determinant).
(<) This direction is trivial. O

Examples 32.6. e Letty,...,ts c I'(F) be any set of global sections such that t1(z), ... ts(x)
is linearly independent for each z € X. Then Span {t1,...,ts} is a subbundle.

e Let S ¢ M be a smooth submanifold. Then T'S ¢ T M| is a subbundle (HW).

Proposition 32.7. Suppose p : E — F is a bundle morphism of constant rank. Then
kerpc E and im p c F' are subbundles.

Proof. We prove the statement about the kernel; the statement about the image is similar.
Let zg € X. We can choose frames for E' and F' near xy such that the matrix of p takes

the form
A(z) B(x)
(C () D(ﬂ?))
with A(xzg) = 1,C(x9) = B(xg) = D(xzg) = 0. Note that row operations do not change
the kernel. Since A(z) remains invertible in a neighborhood, we can do continuous row
operations to make C'(z) = 0. But since the rank is constant, we must also have D(z) = 0.
So, after row operations, our matrix takes the form

(A(x) B(a;))
0 0
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A frame for the kernel is given by the columns of the matrix

(A-1<x>B(x>) |

-1
0

Remark 32.8. For a constant-rank morphism, one can also define the cokernel (or quo-
tient) bundle by similar local considerations, or simply by defining

Flp(E) = (ker(p*: F* - E*))".

One important instance of this is the normal bundle to a submanifold S c M, defined to be
the quotient of the inclusion 7'S - T'M|y. We do not have time to discuss these in greater
detail.

33. ORIENTATION OF VECTOR BUNDLES (MoN 11/11-WED 11/13)

Definition 33.1. Let E - X be a real vector bundle of rank r (K = R). We say that £ - X
is orientable if the determinant line bundle det(E) is trivial. (Recall that det(F) = A"E
by definition.) Equivalently, det(E*) = A"E* = (A"E)" is trivial.

Since det(E*) is a line bundle, this is equivalent to admitting a global nonvanishing section.
An orientation of F is an equivalence class of global nonvanishing sections, where w ~ n iff
there exists a positive continuous function f e C°(X) such that w = fn.

Lemma 33.2. If X is connected and E — X 1is orientable, then there are exactly two
orientations of E.

Proof. Let [w] and [n] be two orientations. Since w is a global frame for det(E)*, there
exists a nowhere-vanishing function f e C9(X) such that w = f-7. Since X is connected, we
either have f(z) >0 or f(x) <0 for all z € X. In the first case, [w] = [n], while in the second
case they define different orientations. O

Examples 33.3. e The Mébius strip S — S* is nontrivial (HW) and itself of rank one,
therefore not orientable. (In fact its tangent bundle is also not orientable, as we shall
see below.)

e The tangent bundle 7'S? — S? is orientable. Consider the section w € I' ((7'52)®2)"
defined by
v®wl—>1(:xxv w):1|x vow|.
2 ’ 2

Notice that this is antisymmetric in v and w, because

|LIZ’ (% U)|=—‘QJ w v

I
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since permuting the columns negates the determinant. Restricting the above to a
functional on A?2T'S? c (T'5?)®2, we obtain

w:ATS? >R
VAW=VQW—w RV (T xv,w),
which vanishes nowhere.

Using the determinant on R™*!, one can show in the same way that T'S™ is ori-
entable for any n.

e If M is a parallelizable manifold then T'M is orientable (since trivial).

e We will see below that any bundle on a simply-connected, paracompact space is
orientable (indeed, all real line bundles on a simply-connected space are trivial).

The reason for calling [w] an “orientation” has to do with the following.

Definition 33.4. Suppose that F is orientable and fix an orientation [w]. A frame {e1,...,¢e,.}
on U is (positively) oriented if

w(ei(z),...,e.(x))>0

for all x € U. If w(er(x),...,e.(x)) <0 then {ey,...,e,.} is said to be negatively oriented.
Notice that the definition is independent of the representative of [w].

Proposition 33.5. Suppose that X is paracompact and locally connected. Then E — X 1is
orientable if and only if there exists a system of local frames for E whose transition functions
all belong to GL*(r,R).

Proof. (=) Let w represent the orientation and let {(U,, %)} be any system of trivializations.
Since X is locally connected, by splitting up the open sets, we can assume wlog that each

open set U, is connected. By the previous Lemma, we have either w(e{,...,e?) > 0 or
w(ey,...,e2) <0 for each a. In the first case, do nothing, and in the second case, replace
(ef,...,e2) by (€4, ef,e%,...,e*). After this change, we have w(ef,...,e2) >0 for each a.
Now, on U, nU,, we have
w(ef e?) = w(oueb b) = det (eb b
1y Cp - abel,...7o-ab€,,, - eaabw 61""’67“
Since both w(ed,...,e?) > 0 and w(e},...,el) > 0, we must have detoy > 0, s0 04 €

GL"(r,R), as desired.
(<) Let {e2} be the frames as in the statement, and let {e5} be the dual frames. We can
define a nonvanishing section w, € I'(U,,det(E)*) by

Notice that on U, nU,, we have
wy(ef,...,e2) =wp(owes, ..., 00e%) (nosum on a,b)
=det Oab-

Let p, be a partition of unity subordinate to {U,}, and let

w = Z Palq.
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For each a, we have w(ef,...,e?) =Y, ppwp(es, ..., e2) =2, ppdet ag, > 0. O
Corollary 33.6. The underlying real bundle of a complex line bundle is orientable.

Proof. By the previous proposition, we just need to check that in the underlying real coor-
dinate frames of a system of complex frames, the transition functions have positive determi-
nant. To obtain real frames from complex frames, we take {1,7} as our basis for C = R2. Let
o =04 =a+bi e C*. Then
(0--):C*>C*

acts by

(a+bi)-1=a+bi, (a+bi)-i=-b+ai.
So the corresponding matrix is

(33.1) oR = (Z _b).

a
We have det og = a? + b2 > 0. O

Remark 33.7. In fact, the underlying real bundle of a complex vector bundle of any rank
is orientable. This can be seen from the formula detg og = |detc of?.

34. EXAMPLE: O(n) - CP! (WED 11/13)

Let us discuss the example of complex line bundles on CP! in more detail. We first give
a geometric proof of the following fact:

Proposition 34.1. &(-1) - CP! is nontrivial.

Proof. Suppose, for contradiction, that there exists a nowhere-vanishing global section
s:CP!' - O(-1).
We can post-compose with the inclusion map into CP' x C? in the definition of &(-1),
followed by projection to the second factor:
CP! 5 0(-1) - CP' x C% - C2.
Since s is nowhere-vanishing, the image of this composition lies in C2 \ {0}. We then post-
compose with the projection map C? \ {0} — CP!. In this way, we obtain a sequence of
continuous maps
CP' - C*~ {0} - CP*.
Since s was a section of the tautological bundle, the composition must be the identity map.
Taking second homology, we obtain a sequence

HQ(C]Plaz) e HQ((CQ N {0}7Z) - HZ(C]P)l?Z)

whose composition is again the identity. However, C2~ {0} is homotopy equivalent to S3, so
its second homology vanishes, whereas Hy(CP') = H5(S?) = Z. The above sequence is

7 —0— 7,
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so the composition is zero. We have reached a contradiction. [l

Next, we want to examine the bundles &'(n), given in Definition 32.3, over CP!. This is
most readily accomplished using the frame-based approach. We will rely on the following
result.

Lemma 34.2. Suppose that £ and .# are complex line bundles over CP!, each trivial in
the stereographic charts. Then £ = .# (if and) only if their respective transition functions
o, u:C* - C* are homotopic.

Proof. We will only prove the “only if” direction, since the “if” direction requires a bit more
care.

Assume that £ = .#. We use the characterization of isomorphism given by Proposition
31.4. Let U, = CP' \ p; be stereographic charts centered at antipodal points, and let 2, € C
be the corresponding coordinates. There exist 7, € C?(U,,C*) such that

o=1" UT.
Consider the continuous functions from [0,1] x U, — C* defined by
Tt =71, (tz,)
For t =1, we have
Ti(22) = (),
while for ¢ = 0, we have
() = 7o (ps)-
We can use these to make a homotopy
o=7"tpr = (1) pr!
~ (7))
= 7-(p-)~ i (ps)-
Since C* is path-connected, we can then move 7, (p,) and 7_(p_) along paths to the identity.
This gives us a homotopy
o~ T-(p-) " e (ps) ~ 1,
as desired. 0

Proposition 34.3. 0(m) = 0(n) < m =n.
Proof. From (33.1), the transition function of &(n) is given by
n o (cos nf —sin n@)
Zh=r :

sinnf cosnd

Restricting to the equator r = 1, we see that z" : St - S! represents the homotopy class
[n] € m(SY) = Z. So for m # n, the transition functions of &'(n) and &(m) belong to
different homotopy classes. By the previous Lemma, they cannot be isomorphic. O
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Remark 34.4. The Lemma is a rudimentary form of the “clutching construction” which
produces and classifies all bundles of a given rank on S™. The Proposition is also much more
general: it turns out that {&'(m)}z are the only complex line bundles that exist on CP",
including when holomorphic structure is taken into account.
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Part 7. Tensors and differential forms
35. SMOOTH BUNDLES, TENSOR CHARACTERIZATION LEMMA (FRI 11/15)

Definition 35.1. Let M be a smooth manifold and 7 : E — M a vector bundle. We say
that E is smooth if E is also a smooth manifold, 7 is a submersion, the operations + and
- are smooth on E, for each x € M, and there exist smooth local frames such that the maps
(30.1) are diffeomorphisms.

All of the results of the last chapter work in the category of smooth bundles and smooth
morphisms. Henceforth we will work only with smooth bundles, smooth sections, smooth
trivializations, etc. The notation for space of sections will change to mean:

['(U, E) = space of smooth sections of E over U.
Meanwhile, the results of this section (and some later in the chapter) also work perfectly
well for topological bundles, but it’s time to shift our focus back to smooth manifolds.

Example 35.2. Asremarked above, for a smooth manifold M, the tangent bundle TM — M
is a smooth vector bundle.

We now make the following essentially trivial observations. Given a section s € I'(U, E)
and a smooth function f e C*(U), we can multiply these together to obtain another section
f-sel'(U,E) given by

(f-s)(x) = f(z)s(z).
Since fg-s=f-(g-8), (f+g)-s=f-s+g-s,and f-(s+t)=f-s+ f-t, this makes I'(U, F)
into a module over the ring C*(U).
Similarly, given a section v € I'(U, E*), we can obtain a map

D(U,E) » C=(U)
s a(s),

where a(s)(z) = a(z)(s(z)). Observe that this map is C*~(U)-linear, in other words, a
module homomorphism:

a(f-s)(x) = a(z) (f(z)s(z))
= f(@)a(z)(s(x))
= (f-a(s))(x).

Having made these trivial observations, we can prove the following not-quite-trivial result.
Lemma 35.3. For any open set U c M, the above map

I'(U, E*) = Hom ¢ 1y (I'(U, E), C*(U))
18 an isomorphism.

Proof. Injectivity. Let 8 € T'(U,E*) and assume that § # 0. Choose xy € U such that
B(x) # 0. Then there exists v € E,, such that 5(z¢)(v) # 0. Choose V c U over which E
is trivial, so that we can extend v to a section over s € I'(U, F') with s(zg) = v. Let p be a
bump function for {z¢} c V. We have

B(p-s)(xo) = B(wo)(p(x0)s(w0)) = 1- B(wo)(v) # 0.
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This shows that the homomorphism represented by [ is nonzero.
Surjectivity. Suppose first that U is small enough that F is trivial over U. Let {e,} be a
local frame over U. Given 7 € Hom ¢ iy (I'(U, E),C>(U)) , take

B =1(eq)e”.
We then have
B(s) = 7(ea)e(s)
= T(ea)sﬁdaﬁ
=5%7(eq)
=7(s%a) =7(s),

so [ agrees with 7, as desired.
For the general case, suppose that U = uU, with E|; trivial for each a and {U,} locally

finite. We can assume wlog that U, € U, on which Bl is still trivial. Let {e%} be frames

over ﬁa, and {e2} the dual frames. Multiplying by a bump functions for U, € Ua, we can
extend each e to a section €% € I'(U, E*) such that ¥ (z) = e¥(z) for z € U,.
Choose a partition of unity {p,} subordinate to {U,}, and let

B= ZT(pan)ég.
For s e I'(U, E), we have
B(s) = 2 7(pacd)éa(s)
=507 (pacd)
where 5% := €2(s). This satisfies §¢ = s¢ on U,, so that

O (67
PaSy = PaSg-

Applying C>(U)-linearity of 7, we get!?

B(s) = 2 7(pasaea) = 3, 2,7 (pasien

- (;pas:eg)
= ZT (pas)
= pat (8)

=(zpa)7<s>:f<s>.

MThanks to Haran Mouli for pointing out after class how to save this argument.
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We now wish to generalize the above discussion to multilinear functions. Let Ei,..., E,,
be smooth vector bundles over M. A section § € I'(E} ® - ® E,), as above, induces a
C* (M )-multilinear map

[(E) x--xT'(E,) > C®(M)
(81,.--58m) ¥ B(x)(s1(x),...,$m(x)).

We state the following lemma for global sections over M, but of course it remains true after
replacing M by any open subset (submanifold) U c M.

Lemma 35.4 (Tensor characterization lemma). FEach C*(M)-multilinear map as above is
induced by a unique section e '(Ef @ - ® E).

Proof. The injectivity can be shown along very similar lines to the previous proof.

To show surjectivity, we use induction. The case m =1 is the previous Lemma. Suppose
that the Lemma has been proven for m — 1, and let 7 be a C'-multilinear function on
L(Ey) x - xT(E,).

As in the previous proof, let {U,} be a locally finite cover such that there exists a system of
frames e2 for £ over Uy, with dual frames e, and extend these to global sections €2 € I'( EY).
Also fix a partition of unity {p,} subordinate to {U,}.

Observe that given any section s; € I'(E1), the function 7(sq,-,...,-) is multilinear in m-1
arguments. Let

o el(E5®-®E))
denote the section which corresponds, by the induction hypothesis, to
T(pa€l,-...,:) (nosum on a).
Let
b= Z €0 TS,
We now argue as in the last proof. For s; € I'(U, E;), we have
B(s1,.- Sm) =Y. ea(s1)78 (52, .., 5n)

——
= Z (Sl)aT (paegﬂgla SR STL) )
a,o

where (sAlJ)Z := €2(s1). This satisfies (?;)Z = (1)% on U,, so that

pa(81)q = Pa(s1)5-
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Applying C*°-multilinearity of 7, we get

/B(Sla s 73m) = Z(SAl_’)aT(paegu‘SQa .- .,Sn)

= ZT (ZPa@Zeg,S% e 'asn)
= ZT(pa$1a827 .. '7$n)
= Zpar (51,82, -+, 8n)

=7(81,..-,5m)-

36. TENSORS ON SMOOTH MANIFOLDS, PULLBACK, LIE DERIVATIVE (MoON 11/18)

36.1. The definition. We now specialize to the case that E; =TM or T*M for each .
The space of (k,¢)-tensors is denoted by

k l

TEYM) =T(T"M @ 0T*"MeTM® - &TM).

A tensor of type (k, /) is called a covariant k-tensor, and a tensor of type (0,/) is called
a contravariant (-tensor. We have TV (M) = 27 (M), so a contravariant 1-tensor is a
vector field, while an element of T (M) =: Q'(M) is a covector field. In local coordinates,
an element A € T*0 (M) is given by

o . 0 0
. L J1de 1 1k -
g dr" ® - ® dx" ® Y Q- ® D

By the tensor characterization lemma 35.4, an element A € T(*:9) is equivalent to a multilinear

AT A

map
k ¢

A (M) x-x Z(M)x QY (M) x-xQY(M) - C>(M)
(Xl,...,Xk,Oél,...,ag)HA(Xl,...,Xk,Ozl,...,Oég)

loc i1 7 i
= Ay (X)) (X)) ™ (o) jy () -
Given two tensors A € T+1:61) and B € T(k2:f2)  we can define the tensor product

A ® B = T(k1+k2,f1+£2)

simply by multiplication of C°°-multilinear functions, as in §29.2.1. We can also contract
the m’th covariant index with the n’th contravariant index:

AeT®ED(M) v Tr,,, Ae THELED(A)

. oc L
. L J1de . .. JitJe
A;, iy = Ai i )
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These operations work in just the same way as they do for general vector bundles (all based
on the same operations on vector spaces).

We will now specialize to covariant tensors, since these will be the most important ones
going forward.

36.2. Pullback of covariant tensors. Let F': M — N be a smooth map and A € T®*:0)(N)
a covariant k-tensor on N. The pullback of A by F' is defined by

F*(A)(Xy,...,Xk)(p) = A(dF,(Xy),. .. dF,(Xy)).
This is a smooth (k,0)-tensor on M. If F(z) = (y/(z%)) in local coordinates, we have
Ayt Dy
ke Qxt Ozt
Note that if F' is a diffeomorphism then one can also pull back (or push forward) contravariant
or mixed tensors, see Prop 18.2 above.

(F"A) (Ajyjy o F).

Example 36.1. Take M and N to be domains in Euclidean space and k =1, so A = o;(y)dy’.
We have
J
F*(4) = 0 (y(2)) 5 da.
x
We now state the following properties of pullback; you should think through the proofs as
an exercise.

Proposition 36.2. (a) F*(f-A)=(foF)F*A
(b) F*(A® B) = F*A® F*B
(c) F*(A+B)=F*A+F*B
(d) (Go F)*A=F*G*A.

36.3. Lie derivative on tensors. Let V e 2 (M) and 6; be the flow of V. Given A «
T*0) (M), the Lie derivative of A is defined by

d . (d09:)5(Ag,p)) — Ap

(LvA), = dt 0 (0 A)p - ltli{)l n
This is a smooth element of T*:0) (Af).
Proof. We have 0; A smooth in all variables and jA = A, so the result is smooth. O

Proposition 36.3 (Properties of the Lie derivative of a covariant tensor). (a) For k =0, we
have Ly f =V (f)

(b) Ly (fA) = (L )A+ [ A

(C) gv(A@B) :gvA®B+A®$VB

(d) V(A(Xl, ce ,Xk)) = (gvA)(Xl, . 7Xk:) + A(gle, . ,Xk) + e+ A(Xl, . 7$VXI~:)~
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Proof. (a) was proved in Remark 21.4 above (since (6_1). = 0} on functions).

(b-d) As in the proof of Theorem 21.2, we can assume without loss of generality that p
is a regular point and V = 8%1 in some coordinates u',...,u™ near p. Then the flow of V is
translation by t in the first variable, so

0A; ..
g A 41t — 1k
( 1% ) 1 aul
The stated properties all follow from the ordinary Leibniz rule. O

Corollary 36.4. (L A)(Xy,...,Xk) = V(A(Xy,..., Xk)) - A([V, X1], Xo, ..., Xg) = -+ —
AXy... [V. X)),

Corollary 36.5.
Ly (df) = d(Zv )
Proof.
(Lvdf)(X) = V(df (X)) - df ([V, X])

~V(X(f)) - VX)) + X(V())

=d(V f)(X)

— d(Z )(X).

O

Remark 36.6. This result will generalize below to differential forms.
Example 36.7. Let A = A;;dz' ® dvi e T (M). Let V = Vi2 so that % (da?) = d(V7)
by the previous corollary. We have

L A=V (A;)da' @ da’ + AydV' @ da? + Ajjda’ @ dV7

ovk oVk
(V(Azg) +Akj O + Azk D

)d:r:i ® da’.

A similar formula exists in general.

Last, we want to give the generalization of Proposition 22.2.
Lemma 36.8. %‘t:to (0,)" A=(0)" LA A.
Proof. The proof is the same as that of Lemma 22.1. O

Proposition 36.9. A is invariant under 0, if and only if £y A =0.

37. DIFFERENTIAL FORMS (MoN 11/18-WED 11/20)
37.1. The definition. A differential k-form is an alternating covariant k-tensor. We let
QF(M) := D(APT*M) c T((T*M)®F) = T*RO (A1)
denote the space of k-forms, so w € QF (M) satisfies

WXt X X X)) = (X, X X X
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foreach 1 <i+j<k.
The wedge product A : QF x Qf - QF+¢ on differential forms is inherited from the wedge
product on vector spaces described above, and can be written:

(k +0)!
k1!

This is C'*°-bilinear and associative, and satisfies

WAN= Alt (wen).

wan= (=" Aw,

where the factor is the sign of the permutation which takes the first £ arguments to the last
k arguments. As we explained briefly in the section on linear algebra, the coefficient is rigged
so that

(37.1) dz' A ndab = ) sgnoda”® @ @ da” ™),

O'ESk

which gives the convenient normalization

dx“/\~-/\d:pi’“(aiil,...,%)—

More generally, for a multi-index (i1, ...,1;) with distinct elements, we have

P o ): sgn(,1 2 k) {in, . iny = {J1, -5 e}

dr"™ A Adx (83;11""’856% J1 o J2 Jk

otherwise.

Example 37.1.
yd:)s/\dz(g,g) = -y,
0z Ox
o 0
ydi[} Adz (%, 8_y) =0.

Here is a useful general formula:
Lemma 37.2. Let w',...,wk e QY (M) and X;,..., X € Z(M). We have
wh A AwR (X, X)) = det (w'(X5)).
Proof. As in (37.1), we have

whaawh = Y sgnow e @wt),
o€eSy,

We get
wh A AR (X, X)) = ) sgnow @ (X)) w R (XG),

O’GSk

which is the desired expression. 0

We can summarize this discussion as follows.
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Proposition 37.3. Let {e'}", be a local coframe, i.e., a local frame for T*M. Then
{eM A neth | iy < e < g}
is a local frame for A¥T*M. In particular, if {x*} are any local coordinates, the set
{da™ A AdT™ | iy <o < g}
forms a local frame for A*T*M, in which any differential form can be uniquely written as

loc /
w = Z wrdax?,
T

where I = (iy,...,1) is a multi-index, Wy = Wi,..;,, del = da™ A~ Adate, and Y = Y, o,
denotes the sum over strictly increasing multi-indices.

37.2. Interior product. Another important operation is the interior product
v X (M) x QF(M) - QFY(M)
(X,w)»ixw=XJw=w(X,—,...,-).
Example 37.4. Lma%(da; Ady) = —xdx.

Proposition 37.5 (Properties of tx). (a) txotx =0
(b) tx(wAn)=(xw)An+ (=1)kw A xn.
Proof. (a) is obvious from the alternating property.
For (b), it suffices by bilinearity of both sides in w and 7 to consider the case that both w

and n are decomposable. Let w = w!A--Aw” and g = wF A Aw™, so that wAn = WA AW™.
Inspection shows that the desired formula follows from the general formula

(37.2) iy (WA Aw™) =Y ()T (X)W A AT A AW™
i=1

To check (37.2), let X; = X and let Xs,...,X,, be arbitrary. Let Q = (w?(X})). By Lemma
37.2, the LHS is equal to det(2). Meanwhile, again by Lemma 37.2, the RHS is equal to the
expansion by minors along the first column of the determinant of 2, so the two are equal. [J

Remark 37.6. An operation satisfying (b) is called a graded derivation (or sometimes
an anti-derivation, as in Lee’s book).

37.3. Pullback of forms. Pullback, which we know already for general covariant tensors,
is a key operation on differential forms. Here are its properties:

Proposition 37.7. (a) F*(wAn) = F*wnA F*n.

(b) Let F: M - N and w e QF(N). Let {x'} be local coordinates on M and {y'} be local
coordinates on N. We have

F*w = Z (wjl"'jk o F) d(yjl o F) A A d(y]k o F)

J1< <k
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(c) If k=n=dim(M) =dim(N) and w = udy* A--- Ady", then we further have
F*w=(uo F)det(DF)dx' A+ Adz",
where DF = (gf) denotes the Jacobian matriz of y = F(x).

Proof. (a) This follows from the definition, since F'* commutes with tensor product and Alt.

(b) First note that F*(udy’) = (uo F)gf dx' = (uo F)d(y/ o F') by Example 36.1 and the

chain rule. The general result follows by applying (a) to the multiple tensor product.

(c) Since the top wedge powers are one-dimensional, it suffices to evaluate both sides on
(%,...,%). By (b), we get

0 0 oyt oyn . (0 0
LHS (<L L) c o )Y i pon e (-
S(E)xl’ ’890") (ue )890’1 0xlndx Ao (8x1’ ’6x”)
) ] a 1 a n
= (wo F)sgn (i1-+ip) ai/il ...&i/in
=(uo F)det(DF)
0 0
=RHS|—,...,—
. S(@xl’ ’(99(:”)
U
Example 37.8. Let F': (r,0) — (z,y) = (rcosf,rsinf) be the polar coordinate chart. By

(b), we have
F* (dx ndy) = d(rcos@) And(rsinf)
= (cosOdr — rsin0df) A (sinOdr + r cos 0d0)
=1 (cos®(0) +sin*(0)) dr A df
=rdr ndf.

Meanwhile, we have the Jacobian

sinf) rcosf

DF - (cos@ —r s1n9)

with det(DF') = r, so the pullback computed by (c) agrees with the answer from (b).

38. THE EXTERIOR DERIVATIVE (WED 11/20-FRrr 11/22)

38.1. The case of an open set in R". Let M = U c R" be an open subset. Then any
differential form is written uniquely as

w = Z,WIdI'I
T

for w; € C°(M). (Recall the notation Y7 from Proposition 37.3.) We define the exterior
derivative
dw =Y "dwy A dz™ A A da'™
T
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globally on U.

Proposition 38.1 (Properties of the exterior derivative on R"). (a) d is R-linear, i.e. linear
over constant functions.

(b) d(wan) =dwrn+(-1)kw A dn
(¢c)dod=0
(d) If F:U cR™ -V cR"” is smooth, then

F*dw = dF*w.

Proof. (a) This is obvious.

(b) We should first check that the formula remains true after replacing ¥} by the ordinary
sum Y.; over general indices (because wedge product will not respect increasing-ness). It
suffices to check that the formula is true for w = udz!, where I = (i1, ...,4x) is not necessarily
increasing. Let o € Si be the permutation such that i,y <+ <ig() is increasing. We have

w = sgnoudx®?D,
so that by definition, we have

dw = d(sgnou) A dz®D)
= du A (sgnodz®))
=du A (sgno)?dx!
= du A dx!

as desired.
Now, to check (b), we can compute

d(w An) = d(uvdz! Adx”)
= (vdu + udv) A dz’ A dx’!

= dw A dz? + (-1)*w A dn.
(c) We first check the case k = 0. We have

ou , .

0%u ; .
= D2iOmd dz* A da?
0%u 0%u . .
= — — ——|dz* Ada? =
Z(ax@xﬂ c%vﬂaxl) vindet =0

i<J

since second partials commute.
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For general k, letting w = Y7 wydz!, we have
!
Pw =" d(dw; A dx’)
i
/
=Y d*(wr) Ada’ + (-1)dwr A d(da’).
T

The first term is zero by the k =0 case. The second term contains elements of the form
d(dz’) = d(dx™ A+ A dz™*) = d(dz™) A A da™ —dz™ Ad(dz?) A Adat + -

which is again zero by the k = 0 case, so the entire expression vanishes.

(d) We may let w = udx! without loss of generality. We have

LHS = F*(d(udx’)) = F*(du Adz™ A~ Adz™*) =d(uo F) Ad(x o F) A Ad(z™ o F)
by Proposition 37.7(b). Meanwhile, we have

RHS =d((uo F)ad(z" o F) A nd(z o F)) =d(uo F) nd(z™ o F) A+ Ad(x™ o F),

so the two sides agree. 0

38.2. The general case. The following result is fundamental.

Theorem 38.2. Let M be a smooth manifold of dimension n. There exist maps d : Q*(M) —
QM) for k=0,...,n -1 which are uniquely characterized by

(i) d is linear over constant functions
(i1) d(wAn) =dwAan+ (-1)kw Adn
(111) dod =0
(iv) For feQO(M)=C>(M), df is the ordinary differential of f, given by df (X) = X (f).
Proof. Let p:U — U c R be any coordinate chart, and define
dw=p*d((¢™)'w),

where d is the exterior derivative in U defined above. We must check that this definition is
independent of the coordinate chart; let 1 be another chart. We calculate:

V() w) = d (™) (¢ ) w)
= d (V) " (¢ ) w)
=0*d (e ) () w).
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We now apply Proposition 38.1d to pass the transition map through the exterior derivative
(on R"), to obtain

vrd (@) w)=er (po!) d((9)w)
= () e d ((¢7)w)
=d((¢7")'w).
So the definition is independent of the coordinate chart.
To show uniqueness, we first need to show that any operator d satisfying (i-iv) is locally

determined. Let w; and wy be forms with w; = wy on an open set U, and let p € U. Choose a
bump function ¢ for {p} c U. We have

0=d (w1 —ws)) =dip A (w1 —wa) + Wd(wy —wo).

Evaluating at p, we get dw;(p) = dwa(p). Since p € U was arbitrary, dw; = dws on U.
Now, by extending w; and z* to global functions (as in the proof of Lemma 35.4) and
using (i-iv), we can see that d must satisfy

dw = d (Z’wldxf) = dwy A da,
T T
so agrees with the exterior derivative already defined. U
Proposition 38.3. F*dw = dF*w

Proof. This follows from Proposition 38.1d and a similar manipulation to the previous proof
(exercise). O

Definition 38.4. w € QF(M) is closed if dw = 0. w is exact if w = dn for n € QF1(M).
Notice that exact implies closed, but we will see below that the converse is not always true.

Example 38.5 (Lee, Example 14.27). Let M = R3. The standard volume form is dV =
dx A dy A dz. We have the following standard isomorphisms:

b: 2 (R?) - QY(R?)
0 o
X’axi > ;deazl
B 2 (R%) - Q*(R?)
X Lxdv
v O(R?) > 0(RY)
[ fdv.
One can check (exercise) that the three standard operators grad, curl, and div are the ones
that make the following diagram commute:

grad curl div

Co(M) — Z (M) — X (M) —— C=(M)

bl

QO(R3) —1 Q1(R3) —4 Q2(R3) —L Q3(M).
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As a consequence, we get the vector calculus identities curl o grad = 0 and div o curl = 0.

38.3. Invariant formula for d. Having described it explicitly in local coordinates and
shown that it exists globally, we should also find a global/tensorial formula for the exterior
derivative. We begin with the case of a 1-form.

Proposition 38.6. Let o€ Q' (M) be a 1-form. For vector fields X and Y, we have
(da)(X,Y) = X(a(Y)) - Y (a(X)) - w([X, Y]).
Proof. We may let a = udv without loss of generality (by R-linearity). We then have
da = du A dv,

LHS(X,Y)=da(X,Y) = X(w)Y (v) - Y (u) X (v).
We also have
RHS(X,)Y)=Xu(Y(v))-Y(u(X(v)) —u[X,Y](v).
By the Leibniz rule, these agree. 0

The general formula is somewhat trickier.

Theorem 38.7.

k+1
dw(Xl, . 7Xk:+1) = Z(—l)z_lXi(W(Xl, e 7Xi7 . 7Xk:+1>)
i=1
+ Z (—1)i+jW([XZ‘,Xj],Xl,..‘,Xi,...7Xj,...,Xk+1).

1<i<j<k+1

Proof. We will give a much shorter proof than the one in Lee, based on a mild abuse of
notation. Working in a coordinate chart, we write

L0V D
X)) =X S o

The fact that this expression is coordinate-dependent is immaterial, since the final answer
will be coordinate-independent.
We write w = wrdx!, so that dw = dwy A dx!. Notice that

X(wp)dz'(Yr,...,Y3) = X(w(Y1,...,Y3))
_W(X(YVI%X/Q, ce 7Yk)

(38.1) —w(N, Y, ..., X(Y2))

= X (w(Ys,...,Y3)) - ﬁj(—1)j—1w(x(yj),n,...,§;, LY.
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Now, applying a formula similar to (37.2), followed by (38.1), we may write
k+1

dw(X1,. . Xps1) = Z(—l)i_lxi(wl)dxl (Xh e >Xi7 . -Xk+1)
i-1

A

X (w(Xn, e, Xy, X))

i—1 R R
_ ’ijl(_l)i_l - Z;(—l)j_lw (XZ(XJ), ce ,Xj, N 7Xi; e 7Xk:+l)
J=
i=1

k+1

+ Z (—1)]'710.) (Xz(Xj);7Xw;X];7Xk+l))

J=t+1

Here, the sign changes after X ;j passes X, because of the omitted index. The desired formula
now follows by relabeling j and 4 in the second sum and combining X;(X;) - X;(X;) =
[Xi, X;]. O

39. CARTAN’S MAGIC FORMULA (FRr1 11/22)
Lemma 39.1. &/ (wAn)=LywAan+wn L.
Proof. This follows from the same property of the tensor product, Proposition 36.3. ([l
Theorem 39.2 (Cartan’s magic formula). Zyw = (doty + iy od)w.
Proof. For the case of a O0-form, we have &, f =V (f) =V Jdf, which is the desired formula
(since V 1 f=0).

Assume that the formula has been proven up to k£ — 1-forms. Assume without loss that
w =df A B, which can be achieved by absorbing the “coefficient out front” into 8. Then the
LHS of the formula is

fvw = fvdf A 6 + df A Zvﬁ
AV(fYAB+df n(V 2dB+d(V 2pB)).
The RHS is
Voad(df np)+d(V a(df AB)) =V 2(=df ndB) +d(V(f)B-df A(V 15))
==V(f)dB+df n(V adB)+d(V(f))rp
+V(f)dB+df nd(V 1).

Cancelling the V' (f)dS terms on the expression for the RHS, we see the same three terms
as in the expression for the LHS. U

Remark 39.3. A slightly longer but perhaps more satisfying proof is based on the obser-
vation that both the LHS and RHS are derivations on *(A), in the sense of the Lemma,
which agree on 0-forms and on exact 1-forms.

Corollary 39.4. %4y dw = d.Lyw.
Proof. By Cartan’s formula, the LHS is equal to d(V Jdw), as is the RHS. O
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Part 8. De Rham cohomology
40. THE DE RuAM compPLEX (Fr1 11/22-MoN 11/25)

On any smooth manifold M, we have constructed the de Rham complex
0 QM) S QL (M) S S an(M) - 0.

This a sequence of infinite-dimensional real vector spaces (if n > 1) in which the composition
dod=0. As for any complex, we may form the cohomology groups

kerd : QF (M) - Qk+1(M)

imd: QFY(M) - QF(M) "

These are called the de Rham cohomology groups of M.

Since d commutes with the pullback operation, we can in fact say that H%,(-) is a con-
travariant functor from the category of smooth manifolds and maps to the category of
R-vector spaces. This just means that a smooth map F': M - N induces a linear pull-
back map F* : Hi.(N) - HE (M), and that these maps are compatible with composition
(F oG)* =G* o F* and respect the identity 1* = 1.

In fact, the deRham groups have a much stronger invariance property.

H(?R(M) =

Theorem 40.1. Suppose that F,G : M — N are smooth maps which are (smoothly) homo-
topic, i.e., there exists a smooth map Hy : M x [0,1] - N such that Hy = F and H, = G.
Then

Fr=G": HZZCR(N) - HgR(M)'

Proof. Let w be a closed k-form on N. Put @ = H*w € QF(M x [0,1]), which is again
closed. Let i, : M - M x {t} ¢ M x [0,1] denote the inclusion map of a time-slice. Write
wy =1;w = Hjw.

Define a k - 1-form on M by

Lo
77.2‘/0 Zt(&Jw)dt-

dn = /Oid(ij(%Jd))dt
(e

since pullback commutes with d. Since w is closed, we have % Jdw = 0. By Cartan’s formula,
we obtain

We calculate

1
dn = [ it Lo G dt
0 ot

Ld
= A Ewtdt

=W —Wo
=G'w-Fw.
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Taking de Rham classes of both sides, we get
[G"w] = [Frw]+[dn] = [F"w],
as claimed. U

Remark 40.2. By the Whitney approximation theorem, we can remove “(smooth)” from
the statement: two smooth maps are homotopic (via a continuous map) if and only if they
are homotopic via a smooth map. Note that the only homotopies we plan to consider will
be smooth or at least piecewise smooth.

Recall that a continuous map f: X — Y between topological spaces is called a homotopy
equivalence if it has a homotopy inverse, i.e., a map g : Y - X such that go f ~ 1x and

fog~1ly.

Corollary 40.3. If M and N are (smoothly) homotopy equivalent, then HY,(M) = HY,(N)
for all k.

Proof. If there exist smooth maps F' and G as in the definition just given, then F* o G* =
1* = 1, and similarly for G* o F'*, so the induced maps on cohomology are isomorphisms.
(One can also approximate a continuous homotopy equivalence by a smooth one to obtain
the same result.) O

Corollary 40.4. If M is (smoothly) contractible, then HY,(M) =0 for all k > 1.

Note: One always has H3,(M) = II;,(unR, where the direct product runs over all the
connected components of M.

Corollary 40.5 (Poincaré Lemma). Let U c R" be a star-shaped open set. We have
HY(U) =0 for k > 1. For example, the de Rham groups of R*,H", and B™ all vanish
for k> 1. In particular, every closed form is exact!

Example 40.6. Let M = S'. Consider the closed 1-form “df,” which is in quotation marks
because 6 is only well-defined on S modulo 27. This form is not exact, because f027r df = 2w
whereas for any function f on S we must have

2w 2
[ar= [T r©a= remn -0 -0,
0 0
So the class [df] is nonzero in Hj,(S*).
Claim. H},(S1) =([dd]) 2 R.

Proof of claim. Let a be a closed 1-form. Since df # 0 pointwise, we have o = f(0)df for

some function f(6). Let
2
oo [ £(0)do
0

- 2T
and

o) = [ ()0 d.
Then .
92m) = [ £(8)do - 2mc=0 = 9(0),
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so that g is continuous (indeed, smooth) on S'. By the fundamental theorem of calculus, we
have
dg
dg = %dQ = f(0)dO — cdf = a — cdb.
Taking de Rham classes of both sides, we get

[a] = c[db].

We conclude that
R k£=0,1

0 otherwise.

HgR(Sl) :{

Example 40.7. Let M =R2~{0}. This is (smoothly) homotopy equivalent to S!, as follows:
let ¢ : ST > R~ {0} be the inclusion and 7 : R* \ {0} - S the map sending z ~ . The
composition 7o ¢ is equal to the identity, while we can make a smooth homotopy

Hy(z)=tr+(1-t)—
|
with Hy =t om and H; = 1. We conclude that

R k=0,1
Hip(R*~{0}) = Hip(S") = .
0 otherwise.
This is interesting because the manifolds in question do not even have the same dimension.
The idea behind these examples generalizes as follows.

Theorem 40.8 (De Rham Theorem in 1d). Let M be a connected smooth manifold and
pe M. The “de Rham map”

®: Hjp(M) —» Hom (m(M,p),R)
[a]»@[amkh

is well-defined and injective (indeed, an isomorphism). Here, we define

2T
fa = f 9(0)do, where v a = g(6)do.
o 0

Proof. We will prove the well-definedness and leave the injectivity as an exercise (sketched
in class, on HW13). The fact that the map is an isomorphism is deeper and we will not quite
have time to prove it in 761.

To show that the map is well-defined, we have to check that it is independent both of
the representative of [a] € Hi,(M) and of [v] € m(M,p). If a1 = ag +df, for f e C~(M),
then v*ay = y*ag + d(f o 7), so their integrals over S! agree. If 74 ~ v, : ST - M are
homotopic paths, then by Theorem 40.1, we have via = v5a + dg, so the integrals over S?
again agree. 0

Corollary 40.9. Suppose that M has finite fundamental group. Then any closed 1-form on
M is exact.
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Proof. Since there are no nonzero homomorphisms from a finite group to R, the image of
any closed form under the de Rham map is zero. By injectivity, it is exact. U

We will define the de Rham map in all dimensions after Thanksgiving.

41. THE MAYER-VIETORIS SEQUENCE (WED 11/27)

Today we will describe a general method to compute the de Rham groups of a manifold,
M, by breaking it up into smaller pieces.
Suppose that M = U uV, where U and V are both open. We have a diagram of smooth

/\
o

UnV

N

which are just the relevant restriction maps. ThlS gives us a diagram of vector spaces

r(U)
wUNV) Qr(M).
X /
(V)
From this, we can form the sequence
(41.1) 0 (M) 22 QrU) e P (V) 5 QP(Un V) > 0,

This sequence is exact. For, the second map is clearly injective, since a form in M vanishes
if and only if its restrictions to U and V both vanish. The kernel of the third map is equal to
the image of the second map because (1, u) € QP(U) ® QP(V') comes from a form w € QP (M)
if and only if nyny = ;. - To show surjectivity of the last map, let {p,1} be a partition of
unity subordinate to {U,V'}. Given A € Q?(UnV'), put

YA onUnV
= 0 on U\NV

and

on V~U.

These are smooth forms on U and V, respectively, and we have

(" =57 ) (1) =YX+ pA = (Y +p)X = A,

-pA onUnV
"o
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as required.

We have shown that (41.1) is a short exact sequence of groups; in fact, because these
restriction maps all commute with d, we can put the full de Rham complexes together into
a short exact sequence of complexes

(41.2)

0—— (M) —" or)y e (V) L (U V) —— 0
d ded d

0 —— QM) —ZE0r 1 (U) @ (VY =L v (U A V) —— 0,

where the whole diagram commutes. The snake lemma, which is a purely algebraic fact,
says that any short exact sequence of complexes of abelian groups (or elements of any abelian
category) gives rise to a long exact sequence of cohomology groups:

k*el* *

(41.3) - > HYU A V) S B2 Y ey e HP(V) S HNUAV) S HPY(M) > -

Here, 0 is the so-called connecting homomorphism, which is gotten by tracing through
the diagram as explained in class. In this situation, we have explicitly

- [frner,

This form is closed, since it is locally exact, so defines a cohomology class; but it may not be

globally exact, i.e. 6([A]) may be nonzero in HP*1(M). You are encouraged to think through

the diagram chase involved in proving the snake lemma, if you have not done so recently.
We can summarize this discussion as follows.

Theorem 41.1. For any decomposition M = U 'V, the de Rham cohomology groups form a
long ezxact sequence as in (41.3), called the Mayer-Vietoris sequence.

R p=0,n

Theorem 41.2. For n>1, we have H},(S") = .
0 otherwise.

Proof. We proceed by induction on n. The case n = 1 was proved in Example 40.6. Let n > 2
and suppose the result has been proved up to n —1. We take U and V' to be the standard
stereographic charts, both diffeomorphic to R”, so that their de Rham groups vanish except
in degree zero. Then U nV is diffeomorphic to R™ ~ {0}, which deformation-retracts onto
Sn=1. s0 by induction we have

R p=0,n-1

0 otherwise.

Hyp(UnV) = {



130 ALEX WALDRON

Since S™ is connected, we know that HJ,(S™) = R. The first part of the Mayer-Vietoris
sequence is

0>R->ReR->R—> Hjn(S") >0
with the third map surjective, so that Hj,(S™) = 0. There later parts of the sequence look
like

0 - H?-H(S™ 1Y) - HP.(S™) - 0,

where p > 2. This gives the desired result. O
R n=0n-1

Corollary 41.3. Forn > 2, we have Hj, (R~ {0}) = _
0  otherwise.

Proof. We have a (smooth) deformation retraction R™ ~ {0} — S"~1/ so the result follows
from the previous theorem. O

Corollary 41.4. Let U c R™ n > 2, be a nonempty open set. For any x € U, we have
HiZ (U~ {2)) 0,

Proof. Choose a small sphere S = S"! centered at x and contained in U. Let w: U~ {z} - §
be the restriction of the usual retraction from R” \ {z} to S, and ¢ : S - U the inclusion
map. We have ot =1g. Applying the de Rham functor to the sequence of smooth maps

SSU~N{z} 558,
we obtain a sequence
R = Hip' (S) « Hig' (U~ {z}) < Hiz'(S) =R.
Since the composition must be the identity, the middle group must be nonzero. 0

Remark 41.5. This proof can be compared with that of Proposition 34.1, where we could
have used de Rham cohomology in place of singular homology.

Corollary 41.6 (Topological invariance of dimension). Suppose that M and N are topo-
logical manifolds of dimension m and n, respectively. If M and N are homeomorphic then
m=n.

Proof. Assume for contradiction that m > n. Let x € M be arbitrary. Choose V' 3 z with V'
homeomorphic to R™. By assumption, there also exists U c V' with U 5> x such that U is
homeomorphic to R”.

First give U the smooth structure coming from the homeomorphism to R™. Since m—1 > n,
we have H7=H(UN{z}) = Hjz ' (R*~{0}) = 0 by the first corollary above. On the other hand,
we can give V the smooth structure coming from the homeomorphism with R?, and let U be
the induced smooth structure on U from the inclusion U c V. By the last corollary, we have
H7=Y (U~ {x}) #0. But U and U are both smooth manifolds, and they are homeomorphic.
By the Whitney approximation theorem (skipped, see Lee for statement and proof), there
exists a pair of smooth maps giving a smooth homotopy equivalence between U and U. The
above calculation violates the invariance of the de Rham groups under smooth homotopy

equivalence.'® O

5Indeed, by this argument, they are invariant under general homotopy equivalence.
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Part 9. Integration of differential forms
42. MOTIVATION (MON 12/2)

The moral of Example 40.6-Theorem 40.8 was that de Rham cohomology is intimately
related to integration; we need to learn how to integrate on manifolds.
Let us begin with some motivating discussion. We saw above that for a path v : [0,1] - M,

we can form the integral
1 1
fa:z f Vo= [ a(y'(t))dt.
¥ 0 0

Let us point out (again) that this object is actually invariant under reparametrization of +.
Let w:[0,1] - [0,1] be an increasing diffeomorphism and 4(t) = v(u(t)). By the change-of-
variable formula from beginning calculus, we have

fa= [ aGoyi- [ ooy [ o @)@ = [ a6 @)de

Therefore the integral is in fact independent of the parametrization of the path from zero
to one. This suggests that the quantity f7 a represents something like “displacement” along
the path ~, i.e., a signed measure of the length of v. More strikingly, if the form « happens
to be closed, then the integral is also invariant under homotopies of the path that fix the
endpoints, by the proof of Theorem 40.8; this can also be seen using the classical Green’s
theorem. (In the case that the codomain manifold M has dimension one, all 1-forms are
closed, which gives another way to explain the invariance under general reparametrizations
of the domain.)

Let us also discuss the case of top forms (k = n) geometrically. We have seen above that

dxl/\---/\da:"(vl,...,vn):|vl vn|.

It is usually shown in a linear algebra class that this is equal to + the volume of the parallelip-
iped spanned by vy, ..., v,, where + is determined by whether or not {vy,...,v,} corresponds
to the standard orientation of R™. (This can be proved by observing that row operations cor-
respond to surgeries on the parallelipiped of the type we know from the 2D case, which do
not change the volume, and by which one can reduce to the case of an n-dimensional rec-
tangle.) So differential forms of general dimension measure (signed) volume, which should
have something to do with integration.

This discussion suggests that differential forms are indeed the right things to try to inte-
grate over manifolds, although we have already seen that there will be a subtlety involving
signs.

43. INTEGRATION ON R" (MoN 12/2)

We begin by defining the integral of an n-form on R”. Recall that any top form is propor-
tional to dx! A--- A dx™ at each point.
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Definition 43.1. Let D c R™ be an open domain of integration, i.e. an open set whose
boundary has measure zero. Given a top form w = fdz! A -+ A dz™ for which f extends
continuously to D with compact support, we define

fw::ffdxl-udx",
D D

Here is our first generalization of the Fundamental Theorem of Calculus to higher dimen-
sions.

this being the Riemann integral.

Theorem 43.2 (Stokes’s Theorem, first version). For w € Q2 1(R"), we have

dw = 0.

R

Proof. We may write

w=wdx A Adx A A da™

Then . 9
dw = ;(—1)“18—;}:de Ao Adx™,

The integral of each term vanishes:

A R R 9y . .
awz.dxl---d:v” = lim [[ awldxl] dat---dx'---dx"

Rn Ot R—oo J_R R Oxt

by Fubini’s theorem. Since w has compact support, for R sufficiently large, we have
R 8&)1' .

-dz' = w;

[R ozt ’

Remark 43.3. Later, we will obtain a version of Stokes’s theorem for a domain D c R"
with smooth boundary that you may have seen before. One can actually get this directly
from the previous theorem by inserting a cutoff :

O:A;nd(gow):/<pdw+fdgo/\w.

If one lets ¢ approach the characteristic function of D, then the first term approaches [, dw;
while if dp also approaches a “d-function” concentrated on the boundary of D, then the
second term approaches =+ |, apw. We will not take this approach, but will instead learn first
how to integrate over general manifolds (with boundary) in order to make sense of the
boundary term.

vi=R = Wilyiog = 0.

riee

O

We now come to the key property that will allow us to define integrals over manifolds.

Theorem 43.4 (Change-of-variables). Let D, E c R™ be open sets and ¢ : D - E a diffeo-
morphism. If w is integrable on E and o is orientation-preserving, then

fgo*w:/w.
D E

If  is orientation-reversing, we have

[gp*w:—[w.
D E
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First proof. Letting w = f(x)dxz! A--- Adz™, Proposition 37.7(c) gives
p*w = fopdetpdz' A Ada™ = fop|detpldz’ A Ada™

since ¢ is orientation-preserving. This gives us

/(p*w:/(f0<p)|det<p|dac1--~dx”.
D D

By the ordinary change-of-variable formula from multivariable calculus (which is a big pain
to prove), the latter is equal to [, pW- 0

Second proof. We give another proof under the assumption that ¢ extends to an orientation-
preserving diffeomorphism of R™ such that ¢ = 1 outside a large compact set, and w € Q2 (R").
In this case, we can define a smooth map

or=(1-t)p+tl1:R" - R".

Let X; = %, which is compactly supported. By definition of the Lie derivative and Cartan’s

formula, we have

d
a@fw = Lx,piw = d(X; Jpfw),

since dw = 0 for a top form. Integrating from zero to one (as in the proof of Theorem 40.1),
we get

1
w—gp*wzgpfw—gogw:d(f Xt_lgot*w).
0
Integrating both sides and applying Theorem 43.2, we obtain the result. O

Remark 43.5. With regard to the second proof, here are two things to think about: how
can it be extended to cover the general case? And, what goes wrong with the argument
when ¢ is not orientation-preserving?

44. ORIENTATION OF MANIFOLDS (MON 12/2-WED 12/4)

We have seen above that integration is sensitive to orientation. We have already discussed
orientations of general vector bundles; below, we will simply define a manifold to be ori-
entable if and only if its tangent bundle is orientable. Before discussing this in detail, we
include a piece that could already have appeared in §33.

44.1. Double cover corresponding to a real line bundle. Let L - M be a real line
bundle. Since each fiber L, is isomorphic to R, L, ~ {0} consists of exactly two components
{[v],[-v]}, where v € L, is any nonzero vector and [v] denotes the orbit of v under mul-
tiplication by R,. We can define a manifold M, which comes with a 2-to-1 covering map
w: My — M, as follows. As a set, My, is equal to the set of all points

(z, [v]),
where v € L,. To give M| the structure of a manifold, one can post-compose the charts of

M with arbitrary nonvanishing local sections of L — M (which exist because L is locally
trivial). The transition functions of M}, are then identical to those of M, and by the smooth
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manifold chart lemma, M}, is a manifold. It is an exercise on HW13 to check the details of
this construction.

Lemma 44.1. Suppose that M is connected. Then L — M is trivial <= My is discon-
nected.

Proof. (Sketch) If L is trivial then it has a nonvanishing global section s. Then —s is also
a nonvanishing global section, and we have s(M)u-s(M) = M. For the other direction, if
M, is disconnected, then it has exactly two connected components. A global nonvanishing
section of Mj — M can be defined by choosing one of the components and mapping each
point z € M to the point in 7=!(x) that lies in that component. Using a partition of unity,
one can lift this section of 7 to a global section of L. It is again an exercise on HW13 to
check the details. O

Example 44.2. If L is the Mobius bundle over S, the orientation double cover M, is again
S1. This is connected, i.e., the Mdbius strip is nontrivial.

44.2. The orientation double cover. We now apply the previous construction to the case
L=T*M :let

M := Myngn,
and 7 : M — M be the corresponding 2-to-1 projection map. This is called the orientation
(or orientable) double cover of M.

Definition/Lemma 44.3. A connected smooth manifold M is called orientable if the
following equivalent conditions are true.

1. TM is an orientable vector bundle over M (see Definition 33.1).
2. T*M 1s an orientable vector bundle over M
3. M is disconnected

4. There exists an atlas {(U,,a)} such that the transition maps are all orientation-
preserving

5. For each [y] € (M, p), the lift 4 :[0,1] = M is closed, i.e. 4(0) =4(1).

Proof. Think through this as an exercise. The proof that (4) is equivalent to (1-2) is very
similar to that of Proposition 33.5. O

Example 44.4. Consider the total space of the Mobius bundle, per Example 1.9. Letting
v :[0,1] = S x {0} be the zero section, it is easy to write down a frame over 7, which
corresponds to a lift 4 to the orientation cover, so that the frames at ¢ = 0 and at t = 1
correspond to opposite orientations. This means that 4 is not a closed loop, so the Mobius
strip is not orientable.

We will also need the following criterion below.
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Corollary 44.5 (Lee, Theorem 15.36). Suppose that there exists a connected, orientable,
normal'® covering space 7 : N — M. Then M is orientable if and only if Aut, (M), the group
of diffeomorphisms av: N — N such that wo « = 7, consists only of orientation-preserving
diffeomorphisms.

Proof. For a normal covering space, the elements of Aut, (M) are induced by lifting loops in
M. A little bit of thought using (5) of the previous Definition/Lemma gives the result. (See
Lee for an alternative argument.) U

44.3. Induced orientation. Given a submanifold S ¢ M and a section N € I'(T'M|s) such
that N, ¢ T,.S for all = € S, we may define the induced orientation on S as follows:

{vi,...,v,1} € TS is oriented <= {N,,v1,...,v, 1} c T, M is oriented.

Example 44.6. The standard orientation on Sm c R7*1 is, by definition, the orientation
induced by the outward—pointing normal N, = 2'-% . For example, at the north pole p € S?, we

a 7
have N, = a . Since [{az, 5 ay ] [{ax, 5 & ] the frame {630’ By } is oriented at p € S2.
Since the upper stereographic chart is connected, {%, a_y} is an oriented frame there; in
particular, {z,y} is an oriented coordinate system. The lower stereographic chart has to be
reversed.

Now consider the projection 7 : S® — RP". The automorphism group Aut, = (x1). Since
the antipodal map preserves the outward normal, it preserves the orientation on S™ if and
only if it preserves the orientation on R?*!. This is the case if and only if n + 1 is even. By
Corollary 44.5, we conclude that

RP™ is orientable <= n is odd.
We knew this for n =1 since RP! =~ S1, and for n = 3 since
RP? = S3/+12SU(2)/+1=2S0(3)
is a Lie group (by §28), hence parallelizable.

45. INTEGRATION ON MANIFOLDS (WED 12/4-FRrI1 12/6)

Definition/Lemma 45.1. Let M be an oriented smooth manifold of dimension n. Given
a compactly-supported top form w € Q2(M), the integral of w over M is defined as follows.
Let {(Ui, i)} be a locally finite oriented atlas (which exists by Definition/Lemma 44.5.4)
and subordinate partition of unity {p;}, and define

wa . Xi:/cm(U,-)(%l)*(piw)'

16By definition, this means that Aut, acts transitively on fibers. Equivalently, the image of m1(N) in
m1 (M) is a normal subgroup. In particular, if N is simply connected (i.e. the universal cover), then 7 is
normal.



136 ALEX WALDRON

This is independent of the oriented atlas and partition of unity, and invariant under orientation-
preserving diffeomorphisms. Le., if F': M — N is a diffeomorphism between two oriented
manifolds that preserves orientation, then

/F*w:fw
M N

Proof. Let {(U;,$;)}, be a different cover with the same orientation, and {p,} a subordinate
partition of unity. We must check that the definitions agree. Notice that since w is compactly
supported and the covers are locally finite, all of the sums involved are actually finite, so we
can manipulate them without worrying. We have

Z/Z_(Ui)(sogl)*(piw) = Zf%(Ui)@ﬁf)(%l)*(mw)
(45.1) - Zf%wi)(%pll)*(ﬁjmw)
- Z/i(UmU.)(Qpil)*(ﬁjpiW)-

We apply change-of-variables, Theorem 43.4, to the transition function gpiocﬁj‘.l : géj(f]jnUi) -
©i(U; nU;), to obtain

for every w e Q(N).

(45.1) = Z[

i 4 (UinU;

D) R CONOOR
2 fgz,~(0,.)(s5}1)* ((Z Pi)ﬂjw)
=3 [ o @D ().

This completes the proof of independence.

To show diffeomorphism-invariance, choose a system of oriented charts and a partition-of-
unity on N, and simply pull this back by F' to a system on M. Theorem 43.4 shows that the
sum defining the integral on N is equal term-by-term with the sum defining the integral on
M. O

)(95;-1)*(90@-)*(wil)*(pjpiw)

Remark 45.2 (Friday 12/6). Let us point out that this is the only possible definition of
the integral which is both additive and diffeomorphism-invariant. For, we have

Ly ) =E [ o) (o)
:zi:'/];[piw

:[MZijpiw:[Mw.



MATH 761: DIFFERENTIABLE MANIFOLDS (UW-MADISON, FALL 2024) 137

Theorem 45.3 (Stokes’s Theorem, 2nd version). For w € Q2~1(M), we have

f dw = 0.
M

Proof. We have

Y IRCORIOD
= 0.

Here we have used diffeomorphism-invariance of the integral and the first version, Theorem
43.2. O

Remark 45.4. This result actually implies the full version of Stokes that we will prove
below; see Remark 43.3 above. However, it makes more sense to first introduce manifolds
with boundary and define the two sides of the Theorem independently, before proving that
they agree.

Example 45.5 (Friday 12/6). Let G be a Lie group. Choose an orientation for 7,.G, and
let w be a left-invariant n-form on GG which is compatible with the orientation at e. Then w
defines an orientation on GG with respect to which w is positive at each point. Notice that
by left-invariance, w is unique up to scaling by a positive constant.

Is w also right-invariant? Consider Rjw. We have

LyRyw=R;Ljw=Rjw,
so that Riw is again left-invariant. We must therefore have
Riw = Agw

for some constant A,.
Suppose now that G is compact, and choose w such that [ w = 1. By diffeomorphism

invariance of the integral, we have
f Riw = f w=1.
G G

A =1

This gives

for all g € G, which shows that w is in fact also right-invariant.
We have proven that every compact Lie group has a unique bi-invariant probability mea-
sure, called the Haar measure. One can define the integral of a function by

[+ fe

This is a very useful fact in geometry as well as in the representation theory of compact
Lie groups. One very interesting theorem to mention is the following. For a Lie group G
with Lie algebra g = Lie(G), let g* denote the space of left-invariant 1-forms on G. The k’th
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wedge product g* is equal to the space of left-invariant k-forms. Left-invariance is preserved
by d, so these spaces form a complex

O—)Rig*iAQ *—d>—d>Ang*—>O,
which is a finite-dimensional sub-complex of the de Rham complex. Its differentials can be

computed just from the structure constants of g. The following can be proved by a careful
averaging procedure using the Haar measure.

Theorem 45.6 (Cartan-Eilenberg). Suppose that G is compact and connected. The inclu-
sion A*g* — Q*(Q) induces isomorphisms on all cohomology groups.

46. INTEGRATION ON MANIFOLDS WITH BOUNDARY (WED 12/4-FRr1 12/6)

Definition 46.1 (Wednesday 12/4). A smooth manifold with boundary is a Hausdorff,
second-countable topological space endowed with a smooth atlas consisting of charts whose
codomains are open sets in

H" = {(z!,...,2") e R" | 2" > 0}

in the subspace topology.

The charts of a manifold with boundary fall into two types: those whose codomain is
an open set entirely contained in H” = {(z',...,2") € R* | 2" > 0}, which are the same as
ordinary smooth manifold charts, and those which intersect R"! x {0} nontrivially. Note
that a chart of the first kind can never be diffeomorphic to a chart of the second kind. Also
note that for two charts of the second kind, because the transition map is required to be a
diffeomorphism, it must preserve R"~! x {0}. The boundary

OM ={xeM |zep™ (R x{0}) for some chart ¢}

is therefore a smooth manifold without boundary of dimension n — 1.

Almost all of what we know for smooth manifolds works for smooth manifolds with bound-
ary:

e A manifold with boundary has a tangent bundle 7'M which is a rank n smooth bundle
over M. The tangent bundle of the boundary

TOM c TM|,,,

is a subbundle of the restriction, of rank n — 1.

e Partitions of unity still work. Note that the restriction of a partition of unity to M
is a partition of unity:.

e A vector field X is a section of I'(T'M). We say that X is tangent to the boundary if
X|sps 1s a section of the subbundle TOM c T'M|,,, .

e A vector field X tangent to OM generates a flow that preserves OM.
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e Differential forms are the same.
e Integration is the same.

Definition 46.2. o Let veT, M for x € 0M. We say that v is outward-pointing if
there exists a smooth path v : (-&,0] > M with (0) =z and 7/(0) = v, and strictly
outward-pointing if also v ¢ T,0M. Inward-pointing is the same.

e Suppose that M is oriented. The Stokes orientation on OM is the induced orienta-
tion (in the sense of Definition 44.3) by any strictly outward-pointing vector field N on
OM. In other words, {vy,...,v, 1} is positively oriented in T,0M iff {N,,v1,..., v, 1}
is positively oriented in T, M.
Examples 46.3. e The upper-half-space H" is itself a manifold with boundary with
a single chart, as is any open subset. The boundary OH" is equal to R*! x {0} but
possibly with a different orientation:

N [ e )

e The closed unit ball B" = {x € R" | || < 1} is a manifold with boundary 0B" = Sn~1.
By definition, the Stokes orientation agrees with the standard orientation (see §44.3).

Theorem 46.4 (Stokes’s Theorem, 3rd version). Suppose that M is an oriented manifold
with boundary and OM is given the Stokes orientation. For any w € QP(M), we have

f wzf dw.
oM M

Proof. We first prove the special case M = H"; let w € Q?(H"). As in the proof of Theorem
43.2, we write

w=widr' A Adxt A---dx™

and

= 1 Ow;
dw =Y (-1)""'—=dz' A+ A da".
w ;( ) i 08 A Az

Ly [T e [T G

By the 1D fundamental theorem of calculus (see the proof of Theorem 43.2), all terms vanish
except the last one. So the latter expression is equal to

(-1)"* /::[: fooo g:de"dxl---dx"_l =(-1)" [:[: wo(zh, ..., 2™, 0)dxt - -da"

In view of (46.1), the chart {z!,...2""1} is (-1)"-oriented on OH" = R"! x {0}. Therefore
the last expression is equal to
S
OH™

This gives

as claimed.
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For the general case, let {(U;,¢;)} be an oriented atlas for M and {p;} a subordinate
partition of unity. We have

fde:Zi:fMd(piw):Zi:v[Hnd((gpi—l)*piw)

_ 71 *
_zi: BH"(SOZ )plw

) ;AMpiwz faMw’

where we have used diffeomorphism invariance and the first case. O
Here is a simple but interesting corollary.

Corollary 46.5. Let M be a compact, oriented manifold with boundary. There does not
exist a (smooth) retraction r: M — OM.

Proof. Suppose for contradiction that there exists a smooth retraction r. Let w be any posi-
tively oriented (n —1)-form on 0M (with the Stokes orientation). We have

O<f w:f r*w
oM OM

since 7y,, = 1. Note that r*w is a globally defined form on M, which has compact support
since M is compact. Stokes’s Theorem gives

O<‘/(;Mr*w:]];[d(r*w):‘/;4r*(dw).

But at the last step, d is the exterior derivative on dM, which has dimension n — 1, so that
dw = 0. We have proven 0 < 0, a contradiction. 0
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Part 10. Cohomology and integration

47. COMPACTLY-SUPPORTED DE RHAM COHOMOLOGY AND THE INTEGRATION MAP
(FrI 12/6)

We have seen above that integration and exterior differentiation are related via Stokes’s
Theorem. Two subtleties are the question of orientation and the requirement that the form
in question be compactly supported. In order to describe the precise relationship between
integration and de Rham cohomology, it is convenient to introduce the following variant.

Definition 47.1. e The de Rham cohomology groups with compact support, H” (M),
are the cohomology groups of the compactly-supported de Rham complex:

0—C=(M)SQL(M) S S v (M) - 0.

Notice that these agree with the ordinary de Rham groups in the case that M is
compact.

e Suppose that M is an oriented manifold without boundary. Define the integration
map

Iy H*(M) > R

[w]+—>/;4w.

This is well-defined in view of Stokes’s Theorem: for 1 € Q2~1(M), we have [,,dn =0,
so (compact-supportedly) cohomologous forms have the same integral.

Example 47.2. e M = S™. Observe that w € Q7(S™) is exact if and only if Ign(w) = 0.
For, we have shown in Theorem 41.2 using Mayer-Vietoris that

Hip(S") = HZ(S") = R.

The integral of any positive form is positive, so Ign is surjective; therefore its kernel
is exactly the exact forms.

e M =R. We have H)(R) = 0, since the only constant, compactly-supported function
on R is zero. Meanwhile, we have H!(R) = R, since a compactly-supported 1-form
a on R is the derivative of a compactly-supported function if and only if Ig(«) = 0;
indeed, the primitive f(z) = [« will have compact support if and only if [ a =0.

Notice that the answers for compactly-supported cohomology of R are reversed
from the answers for ordinary cohomology; we will see that this is also true of R",
and reflects a general duality phenomenon that holds for all orientable manifolds.

48. ToP COHOMOLOGY (MON 12/9)

Notice that in both cases of Example 47.2, we had H?(M) = R and the integration map
was an isomorphism. We will now prove that this is true of oriented manifolds in general.
The proof will follow by induction from the case of R" :
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Theorem 48.1. We have
0 O0<p<n

HE(R™) ={

and the integration map Ign is an isomorphism.

R p=n,

The case n =1 is the second bullet in Example 47.2, and the general case follows directly
from:

Lemma 48.2 (Compactly-supported Poincaré Lemma). Let w € QE(R™) be closed. If1<p<
n, then there exists a compactly-supported (p —1)-form n with dn = w. If p = n, there exists
such an 1 if and only if [z, w =0.

Proof. We have done the n =1 case above, so assume n > 2.

Fix a large ball B such that suppn c B, and also take B’ 3 B.

By the ordinary Poincaré Lemma, there exists ny € QP-1(R") with dny = w; 1o is not
necessarily compactly supported, but we do have dn =0 on R\ B. We now try to adjust 7,
to have compact support.

Case 1. p=1. We have R™ \ B is connected, so 1y = ¢ is constant there. We may take

n="o ¢
Then 7 is compactly supported and dn = dng = w.

Case 2. 1 < p < n. As observed above, ng|g. 5 is closed. Let S = 9B’ = S"! be the
boundary of B’, which is a large sphere. We have HP"'(R™ \ B) = H»"1(S) = 0, since
p—1<n-1. Hence, there exists n € Q"2(R™ \ B) such that dvy =1 there. Let 1 be a bump
function for R \ B’ c R* \ B, and let

n=no = d(¢y).
This vanishes identically on R \ B’, and satisfies dn = dny = w as desired.

Case 3. p=n and Ig:(w) = 0. We have H7:1(R" \ B) = H721(.S), where the isomorphism
is induced by the restriction map. Hence, 7, is exact if and only if its restriction to S is
exact; by the first bullet in Example 47.2, this is true if and only if Is(no|g) = 0. Applying
Stokes’s Theorem together with our assumption on w, we have

O:f W:fW=de0:fU0-
n ! A S

Therefore Is(n) = 0, so 1 is exact on S, hence exact on R* \ B, i.e. 1y = dy there. As
before, we can take 1 =19 — d(1). O

Theorem 48.3. Let M be a connected, oriented, smooth n-manifold. The integration map
Iy H'(M) SR
is an isomorphism. In particular, H?(M) is 1-dimensional.

Proof. We can assume n > 1, since the result is obvious for a point. We already know that
I, is surjective, since the integral of any positive form is positive. Hence, it suffices to prove
that Iy is injective: i.e., for w e Q?(M), if [, w = 0 then there exists n € Q2~1(M) such that
dn = w.
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We argue by induction. Let {U;} be a countable locally finite open cover with U; 2 R" for
each ¢ (for instance, if U; are coordinate balls). Let

1=

By relabeling the charts, we may assume that M n Uy, # 0 for each k.

Since each compactly supported form is supported in M, for k sufficiently large, it suffices
to prove that for w € Q7 (M) with ka w =0, there exists n € Q21(M,,) such that dn =w. We
will prove this statement by induction.

For the base case, we have M; = U; 2 R"*, so the result follows immediately from Lemma
48.2.

Assume the result for My, and let w € Q7 (My,1) with ka+1 w = 0. Choose w € Q¥ ( MpnUpy1)
such that [,,6=1. Also let {¢,1} be a partition of unity subordinate to { M}, Uy,1}. Define

c= w.
My
Then supp pw — cf ¢ My, and moreover
pw—cd=0
My,
by choice of ¢. By the induction hypothesis, there exists o € Q7(M},) such that
da = pw — cb.

0:f(cp+¢)w=c+f¢w=/(¢w+c@).

Moreover, Yw + cf is supported in Ug,; 2 R™. By Lemma 48.2; there exists € Q?(Uy,1) such
that

Next, observe that

dp =vyw + cb.
Putting these together, we have
dla+ ) =(pw-cl)+ (WYw+cl) =(p+1)w=w.
This completes the induction step, and the proof. [l

Corollary 48.4. For M connected and orientable, we have:
1. If M is compact then Hj,(M) = R, with the integration map giving the isomorphism.
2. If M is noncompact then Hn(M) = 0.

If M is connected and non-orientable, then Hn(M) = 0.

Proof. For (1), simply recall that H},(M) = H?(M) if M is compact, and apply the previous
Theorem.

For (2), one can construct a global primitive for any closed form using an exhaustion of
M by compact sets; see Lee, Theorem 17.32.

For the non-orientable case, one can pull back a top form to M to obtain a form with
integral zero, construct a primitive there by Theorem 48.3, and take its average under the
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reversal map to obtain a primitive that descends back to M. See Lee, Theorem 17.34 for a
different argument. O

49. THE DE RHAM ISOMORPHISM (MON 12/9)

We briefly recall the definition of singular homology and cohomology. Let
p
Ap={zeR Y 2;=1,0<2; <1}
i=0

be the standard p-simplex. The space of singular p-chains in M
Cp(M,R)

is the free R-vector space on the set of all maps A, — M. A chain is a finite formal R-linear
combination of maps, o = Y. ¢;0;. For instance, A, itself can be viewed as a chain in C, (RP*!)
via the inclusion map. The boundary 0A, € C,_1(RP*1) is the formal sum of the faces of
A,, with signs determined by the Stokes orientation. Extending the boundary operator 0
linearly to chains, one can check that

dod=0.

Geometrically, this reflects the fact that the boundary of a manifold with boundary has no
boundary.

Given a singular p-chain o € C,(M,R), we can form its boundary do € C,_;(M,R) by
restricting the values of each simplex to 0A,. This operator again satisfies 0% = 0, so we
obtain a complex

o Co (M,R) S CO (M, R) S o)

The singular homology groups H,(M,R) are, by definition, the homology groups of this
complex. Letting C?(M,R) := C,(M,R)* be the space of singular p-cochains, we can also
form the dual complex

- & O (MR) < CP(MR) < -

where ¢ is the transpose of 0. The singular cohomology groups H?(M,R) are the homology
groups of this complex.

Note that any linear functional on chains that vanishes on boundaries defines a cohomol-
ogy class. (In fact, there is a natural map H?(M,R) - H,(M,R)* given by evaluating on a
chain representing a homology class, and this map turns out to be an isomorphism since we
are taking real coefficients.) A somewhat long but routine argument involving the Whitney
Approximation Theorem, see Lee’s book, shows that it is sufficient to define a linear func-
tional on smooth chains, i.e. formal sums of smooth maps A, — M, that vanishes on chains
which are smooth boundaries. (In fact, the cohomology groups obtained from these so-called
“smooth singular” cochains are isomorphic to the singular homology groups.) Integration
against a closed form gives just such a functional, because of
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Theorem 49.1 (Stokes’s Theorem, fourth version). Let o be a smooth singular p-chain in
M and w € QP~1(M). We have
[ W= [ dw.
do o

Here, the integral over a chain o =Y ¢;0; is defined by

/w=20¢f olw.
ag i Ap

In this way, we obtain the de Rham map
S, HY (M) - HP(M,R)

[w]»];w.

Theorem 49.2. For any smooth manifold, the de Rham map is an isomorphism.

The proof, see Lee Ch. 17, is a somewhat-more-involved version of the proof of Theorem
48.3 above. Notice that, combined with a calculation of the top singular cohomology of a
manifold, as in Hatcher, the p =n case follows from Corollary 48.4. Also, since

H'(M,R) = Hi(M,R)* = (m1 (M, p)*)* = Hom (71 (M, p),R)
by the Hurewicz Theorem, the p =1 case is Theorem 40.8.

50. MAPPING DEGREE (WED 12/11)

We shall now discuss two applications of de Rham cohomology and in particular of The-
orem 48.3. The first is to give a handy definition and interpretation of the degree of a map
between compact oriented manifolds of the same dimension.

Recall that if F': M = N is a diffeomorphism and w € Q7(N) is a top form, then we have

f o f NW F' orientation-preserving
w =
M - [yw F orientation-reversing.

The first case is part of Definition/Lemma 45.1, and the second follows from the first because
reversing orientation negates the integral. In the case that M and N are compact, we can
generalize this result to arbitrary smooth maps, as follows.

Theorem 50.1 (Lee, Theorem 17.35). Suppose that M and N are compact, oriented, n-
dimensional smooth manifolds, and let F: M — N be a smooth map. There exists a unique
integer k € Z, called the degree, deg(F'), of F, with the following two properties:

(a) For any smooth n-form w € Q*(N'), we have

/F*w:k[w.
M N

(b) If g € N is a reqular value of F, then
k=), sen(w),

zeF~1(q)
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where
1 if dF, is orientation-preserving
sgn () = . o .
-1 if dF, is orientation-reversing.
Remark 50.2. e Observe that the sum in (b) is finite: since ¢ is a regular value, by

the inverse function theorem, F~!(q) c M is discrete, hence finite since M is compact.

e Since w is a top form, it is closed. By homotopy-invariance of the integral of the
pullback of a closed form, (a) implies that if F' ~ G are homotopic then deg(F’) =
deg(G). Degree is therefore a homotopy invariant. In the case N = S™, there is also a
converse due to Hopf: two maps from a compact n-manifold to S™ are homotopic if
and only if they have the same degree. See Milnor, Topology from the differentiable
viewpoint.

Proof of Theorem 50.1. By Theorem 48.3, we know that
[w] = [w] € H'(N) < f W= f 2
N N

Let 6 be any smooth n-form on N such that [, 6 = 1. Define

. f 0.
M

(We do not yet know that k € Z.) To prove (a), let w € Q*(N) and put a = [,, w. We have
[w] = a[#], since these have the same integral. Since the pullback of cohomologous forms
are cohomologous, we have

fF*w:af F*w=ak:kfw.
M M N
This proves (a).

Next, we prove (b). Suppose that ¢ is a regular value.

Case 1. F~'(q) = {x1,...,2,} is nonempty. Applying the inverse function theorem, we
may choose a connected neighborhood U 5 ¢ and neighborhoods V; 3 x; for ¢ =1,...,m, such
that the restriction FJ,, : V; > U is a diffeomorphism for each i. Choose w € Q7 (U) such that
Jyw=1. By (a), we have

kiszF*w=zi:/ViF*w=ngn(x),

as claimed.
Case 2. F~1(q) = @. By compactness, F(M) c N is closed. We can take w € QP (NN F(M))
with [yw =1. But then F*w =0, so

fF*wzf O:O-/w:k.
M M N

So both sides of (b) are zero, and we are done.

It remains to show that £ is in fact an integer. By Sard’s theorem, the set of regular values
of F' is nonempty. Letting ¢ be any regular value and applying (b), we learn that k is an
integer (since the sum on the RHS of (b) is manifestly so). O

We have the following generalization of Corollary 46.5.
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Theorem 50.3. Suppose N is a compact, connected, oriented, smooth n-manifold and X
is a compact oriented smooth (n + 1)-manifold with connected boundary. If a smooth map
f:0X - N extends smoothly to F': X - N, then deg(f) =0.

Proof. Let w e Q*(N) with [, w =1. Using Stokes, we have

deg(F) = f fro= f Frw- f dF*w = f F*(dw) =0,
0X 0X X X
since dw € Q™1(N) = 0. O

Corollary 50.4 (Brouwer Fixed-Point Theorem). Every (smooth) map from B" to itself
has a fixed point.

Proof. Suppose, for contradiction, that F : B - B has no fixed points. Then we can define
a smooth map G : B® - S»1 by

x-F(x)

G(r)= ————=.
v - F ()|

Let
g=Glgur: 8" > 5L
By the previous Theorem, we have deg(g) = 0. But we can also define
H:S8" ' x-St
x—tF(x
0" R
(Note that the denominator here also does not vanish, since z # F'(x) and both belong to

Sn.) This is a homotopy between the identity and g, which implies that deg(g) = deg(1) = 1.
We have reached a contradiction. O

51. POINCARE DUALITY (WED 12/11)

As you may know from algebraic topology, there is a ring structure on the cohomology
groups of any space. This is particularly easy to describe in terms of de Rham cohomology.
Suppose that w and p are closed forms of degrees k and ¢, respectively, on a smooth manifold
M. Then w A pu is closed, by the Leibniz rule. Moreover, if = dn is exact, then

wAp = (=1)*d(wrn)
is also exact. This shows that the wedge product descends to a map on cohomology classes,
u: H¥(M) e HY (M) - H** (M)
([w], [p]) = [w A p] = [w]u[p],
called the cup product. Notice that [w]u [u] = (-1)¥[p] u[w], so this makes H*(M) into

a graded-commutative ring. It is clear from the definition that any smooth map F': M - N
induces a ring homomorphism

F* H*(N) - H*(M).
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Examples 51.1. The following examples are well-known:
o H*(CP") =R[a]/(a™1), a € H*(CP").
o H*(T")=A*(R"), where R" = ([dz'],...,[dz"]).

Suppose further that u is compactly supported; then w A p is again compactly supported.
So the cup product induces a map

HY(M) @ Hi (M) - HE(M).

Now assume that M is oriented and take ¢ = n—k. We can post-compose with the integration
map to obtain a pairing

(51.1) HE(M) @ H™ (M) S H*(M) % R.
We have the following fundamental fact about orientable manifolds.
Theorem 51.2 (Poincaré duality). The pairing (51.1) is perfect, i.e., induces isomorphisms
HY (M) S HF(M)*
H*¥(M) S H7k (M)
The theorem can be proved by imitating the proof of the de Rham theorem in Lee’s book,
which in turn is a version of the proof of Theorem 48.3 above. You will do so on homework.

Another, perhaps more satisfying, proof can be given using Hodge theory, which we hope to
develop in Math 765.
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